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Abstract. The nullity index of a Bochner-Kéhler manifold is calculated. This also furnishes
an alternative proof of the classification of Bochner-Kéhler semi-symmetric manifolds.
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1 Introduction

Let (M?",g,J) be a Kithler manifold. M is said to be Bochner-Kihler if its
Bochner curvature tensor vanishes (these spaces are also known as Bochner-flat
manifolds). Bochner-Kihler manifolds are the Kéhler analogous of conformally
flat Riemannian manifolds, in the sense that a Ké&hler manifold has constant
holomorphic sectional curvature if and only if it is Einstein and Bochner-Kéhler.
So, one might expect the theory of Bochner-K&hler manifolds to parallel the
one of conformally flat Riemannian manifolds, but many interesting differences
occur. Bochner-Kéhler manifolds have non-trivial local geometry and they do
not have a global isometric uniformization. The interest toward Bochner-Kahler
manifolds was recently revived by the fundamental paper by Bryant [4], who pro-
vided an explicit local classification of Bochner-Kéhler metrics and an in-depht
study of their global geometry, also including a classification of the compact and
complete Bochner-Kéhler manifolds.

A locally symmetric Bochner-Kéahler manifold is

e either a space of constant holomorphic sectional curvature, or

e locally isometric to the product of two spaces of constant holomorphic
sectional curvature ¢ and —c.

Indeed, a stronger classification result holds, since the spaces listed above are
the only examples of Bochner-Kéhler manifolds having constant scalar curvature
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Semi-symmetric spaces are a well-known and natural generalization of locally
symmetric spaces. A semi-symmetric space is a Riemannian manifold (M, g)
such that its curvature tensor R satisfies the condition

R(X,Y)-R=0,

for all vector fields X, Y on M, where R(X,Y") acts as a derivation on R [12].
Locally symmetric spaces are semi-symmetric, but in general the converse is
not true. In fact, in any dimension greater than two there exist examples of
semi-symmetric spaces which are not locally symmetric (we can refer to [13] for
the first examples and to [3] for a survey). Nevertheless, semi-symmetry implies
local symmetry in several cases and it is an interesting problem, given a class
of Riemannian manifolds, to decide whether inside that class semi-symmetry
implies local symmetry or not. Some examples can be found in [1], [2], [6]. In
the framework of Kédhler geometry, semi-symmetry and pseudo-symmetry were
already investigated in [7], [9], [10], [11], [14].

In [5], the author classified conformally flat semi-symmetric spaces, cal-
culating their nullity index at any point and using the local structure of a
semi-symmetric space as described by Szabé [12]. It was shown in [5] that real
cones are the only semi-symmetric conformally flat manifolds which are not
locally symmetric. In this paper, we calculate the nullity index at any point of
a Bochner-Kéhler manifold. As an application, we get a straightforward proof
of the following classification result, already obtained in [14]:

1 Theorem. A semi-symmetric Bochner-Kdahler manifold is locally sym-
metric.

It is interesting to remark that differently from the conformally flat case, no
proper semi-symmetric Bochner-Kéhler manifolds occur, the difference being
based exactly on the different possibilities about the nullity index.

The paper is organized in the following way. In Section 2, we recall some
basic facts and results about Bochner-Kahler manifolds and semi-symmetric
spaces. In Section 3 we calculate the nullity index of a Bochner-Kéhler manifold
and apply it to prove Theorem 1. We end the paper in Section 4 by relating
Theorem 1 with some known results of Bochner-Ké&hler geometry.

Aknowledgements: the author wishes to thank the Referee for his valuable
remarks and comments.

2 Preliminaries

Let (MQ", g,J) be a Kdhler manifold and R its curvature tensor, taken with
the sign convention R(X,Y) = [Vx,Vy] — Vixyj, for all vector fields X,Y
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on M, where V denotes the Levi Civita connection of M. By o, @ and 7 we
denote respectively the Ricci tensor, the Ricci operator associated to ¢ through
g and the scalar curvature of M. The Bochner curvature tensor is defined as

B(X,Y)Z =R(X,Y)Z — (9(Y, 2)QX — g(X, Z2)QY

2n +4
oY, 2)X — o(X, 2)Y + g(JY, Z2)QJX
—g(JX, 2)QJY + o(JY, Z2)JX — o(JX, Z)JY
—20(JX,Y)JZ —29(JX,Y)QJZ)

+ m(g(ya Z)X - g(X7 Z)Y
+9(JY, 2)JX — g(JX,2)JY —29(JX,Y)JZ).

(1)

(M2, g,J) is said to be Bochner-Kdhler if and only if B = 0.

We now recall some basic facts about semi-symmetric spaces. Let (M, g)
be a smooth, connected Riemannian manifold. As already mentioned in the
Introduction, (M,g) is said to be semi-symmetric if its curvature tensor R
satisfies R(X,Y) - R = 0, for all vector fields X, Y, where R(X,Y) acts as a
derivation on R. The local classification of semi-symmetric spaces makes use of
the following

2 Definition. The nullity vector space of the curvature tensor at a point p
of a Riemannian manifold (M, g) is given by

Eop={X €T,M | R(X,Y)Z=0 for all Y,Z e T,M}.

The index of nullity at p is the number v(p) = dimFEp,. The index of conullity
at p is the number u(p) = dim M — v(p).

By means of the indeces of nullity and conullity, Szabé [12] classified locally
irreducible semi-symmetric spaces, proving that such a space must be locally
isometric to one of the following spaces:

(a) a symmetric space when v(p) = 0 at each point p, or

(b) areal cone when v(p) =1 and u(p) =n — 1 > 2 at each point p, or

(c) a Kahlerian cone when v(p) = 2 and u(p) = n — 2 > 2 at each point p,
or

(d) a Riemannian manifold foliated by Euclidean leaves of codimension two
when v(p) =n —2 and u(p) = 2 at each point p of a dense open subset U
of M.
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The following result describes the local structure of a semi-symmetric space
(M, g).

3 Theorem. [ [12]] There exists an open dense subset U of M such that
around every point of U the manifold is locally isometric to a Riemannian prod-
uct of type

R* x My x -+ x M,, (2)

where k >0, 7 > 0 and each M; is either a symmetric space, a two-dimensional
manifold, a real cone, a Kdhlerian cone or a Riemannian space foliated by Fu-
clidean leaves of codimension two.

The decomposition (2) may vary in the different connected components U,
of U, while it is constant on each U,. For more details and references we refer
to [3]. It is worthwhile to emphasize that Theorem 3 was proved by Szabé [12]
to hold for an arbitrary Riemannian manifold, not just for a semi-symmetric
one, the only required adjustment being in the definition of primitive holonomy
(Remark at p.15 of [3]).

3 Nullity index of a Bochner-Kéahler manifold and
the classification result

Theorem 3 makes very interesting to determine the possible values of the
index of nullity for Riemannian manifolds inside a certain class. We now prove
the following

4 Theorem. Let (M?",g,J) be a Bochner-Kihler manifold. Then, at each
point p of M, the index of nullity is either v(p) is either 0 or 2n.

Proor. Consider a point p € M. If the curvature tensor R, at p vanishes,
then v(p) = 2n and the conclusion follows. Hence, we now assume R, # 0 and
we prove that v(p) = 0. For this purpose, it is enough to show that if v(p) # 0,
then R, = 0, against our assumption.

Suppose then v(p) # 0 and let ey € Ep, be a unit vector. Then, we also have
eg = Jeg € Epp. In fact, since M is a Kéhler manifold, we have

Ry(Jeo,Y)Z = Ry(Jeo, fJQY)Z = Ry(eo,—JY)Z =0,
for all Y, Z € T,M. Next, since eq, e € Ep,, we have at once
QP(GO’ Y)= Qp(efh Y)=0, (3)

for all Y € T,M. If dimM = 2, then (3) is sufficient to conclude that R, = 0.
So, in the sequel we assume dimM > 4 and consider an orthonormal basis
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{eo,e1, .. en—1,€5,e1 = Jer,..,e,=1 = Jen_1} of T,M. Since B = 0, from (1) it
follows that the components Rapcp of R, with respect to this basis are com-
pletely determined in function of the Ricci components and the scalar curvature.
Explicitly, by (1) we get

1
RABCD3:'_5;i;z(5BCQAD'_5BDQAC'+6ADQBC‘_5ACQBD'+5309AD
—0pp0ic +94iposc — 0ic0sp — 20ap0an — 204B0¢D)

™ _ s s s
+ Gn i@+ D) (0apdBc — 64cOBD +041p05c — 04c0BD

—20450GD)s (4)

where indeces A, B, C, D run from 0 to n — 1. Now, choosing A =0, C' = 0 and
B, D ¢ {0,0}, from (4) and ey € Eg), we get at once

1 T,
0= Rogop = 5D — 4 55
0BOD = 9,4 PBD T (9 1 2)(2n + 4) BD
that is,
05D = 50505 (5)
BD m+2 BD>»

for all indeces B, D ¢ {0,0}. Since B is an arbitrary index different from 0,0,
so is B. Hence, we can rewrite (5) as

Tp
=94 6
9BD 9 4 2°BD (6)

for all B,D ¢ {0,0}. But then, because of (6) the scalar curvature 7, at p

satisfies ) )
n —
p=Yem= ¥ en=gign
A#£0,0

from which it follows at once that 7, = 0. Hence, (3) and (6) imply that all Ricci

components at p vanish and by (4) we conclude Rapcp = 0 for all A, B,C, D,

that is, R, = 0 QED
Applying Theorem 4, we can now proceed with the

PROOF OF THEOREM 1. Let (M?",g,.J) be a semi-symmetric Bochner-
Kéhler manifold. We first assume M is locally irreducible. Then, obviously M
cannot be flat. According to Szabd’s classification, M is locally isometric to one
of the spaces (a)-(d) listed before Theorem 3. For these spaces, the index of
nullity is the same at each point. On the other hand, because of Theorem 4, the
nullity index at any point p of M is v(p) = 0. Therefore, M is locally isometric
to an irreducible symmetric space and the conclusion follows.
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We now assume that M is locally reducible. If M is flat, then in particular
is locally symmetric. On the other hand, if M is not flat, then by Theorem 4 it
follows that the nullity index at any point p of M is v(p) = 0. As the author
already remarked in [5], if a Riemannian manifold (M, g) is locally isometric to
a Riemannian product M; x Ma, then, at any point p = (p1,p2) of M, we have

v(p) = v(p1) + v(p2)

(and the result extends at once to the case when M is locally isometric a Rieman-
nian product M; x .. x Mj). In our case, v(p) = 0 and so, v(p;) = v(p2) = 0.
Therefore, each space in the local decomposition of M has (constant) nullity
index equal to zero and so, is a locally symmetric space and this ends the
proof. QED

Taking into account the classification of locally symmetric Bochner-Kéhler
spaces already mentioned in the Introduction, we obtain at once the following
classification result:

5 Theorem. A semi-symmetric Bochner-Kdhler manifold is
e cither a space of constant holomorphic sectional curvature, or

e [ocally isometric to the product of two spaces of constant holomorphic sec-
tional curvature ¢ and —c.

4 Remarks and conclusions

Matsumoto and Tanno [8] proved that a Kahler manifold with parallel
Bochner curvature tensor is either locally symmetric or Bochner-Kéhler. Com-
bining this result with Theorem 1, we have at once the following

6 Theorem. A semi-symmetric Kdihler manifold with parallel Bochner ten-
sor is locally symmetric.

A four-dimensional Kéhler manifold (M?, g, J) is Bochner-Kéhler if and only
if it is self-dual, that is, the self-dual part of its Weyl curvature tensor vanishes
[10]. Then, in dimension four Theorem 5 can be rewritten in the following way:

7 Theorem. A four-dimensional semi-symmetric self-dual Kdhler manifold
is either a space of constant holomorphic sectional curvature, or locally isometric
to the product of two 2-dimensional spaces of constant holomorphic sectional
curvature ¢ and —c.

Finally, we remark that Theorems 1, 5 and 6 above can be reformulated
replacing semi-symmetry by pseudo-symmetry.
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Pseudo-symmetry (R- R = fQ(R)) implies semi-symmetry for Kahler man-
ifolds of dimension n > 6 [7], while Z. Olszak [11] proved that there exist four-
dimensional pseudo-symmetric Kédhler manifolds which are not semi-symmetric.

However, also in dimension four, a pseudo-symmetric Bochner-Kéhler man-
ifold is semi-symmetric. In fact, any pseudo-symmetric space is Ricci-pseudo-
symmetric, that is, satisfies R- o = fQ(0). Moreover, a Ricci-pseudo-symmetric
Kéhler manifold is Ricci-semi-symmetric (Theorem 1 of [10]), i.e., R-p = 0 holds.
Finally, the Ricci-semi-symmetry, together with the vanishing of the Bochner
curvature tensor, implies the semi-symmetry. Hence, Theorems 1, 5 and 6 yield
at once the following

8 Theorem. A pseudo-symmetric Bochner-Kdahler manifold is locally sym-
metric.

9 Theorem. A pseudo-symmetric Bochner-Kdhler manifold is
e cither a space of constant holomorphic sectional curvature, or

e [ocally isometric to the product of two spaces of constant holomorphic sec-
tional curvature ¢ and —c.

10 Theorem. A pseudo-symmetric Kdhler manifold with parallel Bochner
tensor is locally symmetric.
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