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Abstract. If G is an arbitrary abelian p-group, an invariant K¢ is defined which measures
how closely G resembles a direct sum of cyclic groups. This invariant consists of a class of finite
sets of regular cardinals, and is inductively constructed using filtrations of various subgroups
of G; K¢ can also be considered to be a measure of the presence of non-zero elements of
infinite height in G. This construction is particularly useful when the group has final rank
less than the smallest weakly Mahlo cardinal; and in this case, G is a direct sum of cyclics iff
K¢ is empty. These deliberations are then used to place several of the most significant results
relating to direct sums of cyclics into a significantly broader context. For example, G is shown
to be almost a direct sum of cyclics iff every set in K¢ has at least two elements. Finally, K¢
is used to give a more complete and concrete answer to a classical problem of Nunke, which
asks when the torsion product of two abelian p-groups is a direct sum of cyclics.
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1 Introduction

One of the most frequently encountered questions in the study of abelian
p-groups is to determine when a group G is isomorphic to a direct sum of cyclics;
such groups we will refer to as X-cyclic. This leads to the following interesting
question: Is there a way to describe, or even measure, just how far an arbitrary
abelian p-group G is from being Y-cyclic? In this paper, one strikingly compact
and concrete answer is given to this question.

To begin, by the term “group” we will mean an abelian p-group, where p is a
prime fixed for the duration. Our terminology and notation will generally follow
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[5], and we will on occasion refer the reader to [4] for set-theoretic material.
Note that if a group G is ¥-cyclic, then it can have no non-zero elements of
infinite height, and in fact, if G is countable, then this condition is not only
necessary, but also sufficient. The main purpose of this paper is to inductively
generalize this observation to groups of larger cardinalities. We begin with some
terminology:

Suppose Q is a class of ordinals (which may or may not be a set). Usually
Q will be the class of uncountable regular cardinals, which we denote by R, but
Q might also be a particular ordinal a, which we identify with the collection of
all smaller ordinals. We now let Qf denote the class of finite subsets of Q. By
a Qg-antichain we mean a set M of finite subsets of Q (i.e., a subset of Qy)
such that whenever S,7" € M and S C T, then S = T. Given a Qj-antichain
M, let K be the class of all T' € Q; such that S C T for some S € M. We call
such a class a Qg -invariant and we say M generates K. Note that if K is a
Qx-invariant, then the set of minimal subsets of K under the inclusion ordering
is precisely M, and if S € K and S C T € Qy, then T € K. Conversely, if K
is a subclass of Qf such that S € K and S C T € Qy implies T' € K, then the
collection of minimal sets for K is a set exactly when there is an « such that
T e K iff TNa € K; and if this happens, then K is the Qx-invariant generated
by these minimal sets. We will write M for the Q-antichain corresponding to
K € Qg and K for the Qg-invariant generated by M.

We now point out two special, and extreme, cases of the above notions: If
M =0, then Kj; = ), which we denote by 0g, and if M = {0}, then Ky; = Qy,
which we denote by 1g. Note that the class of all Qp-invariants, which we
denote by Qg, is partially ordered by inclusion and 0Og is its least element and
1o is its greatest element.

Putting this terminology to work, for any group G, we will inductively define
an Rx-invariant, which we denote by K¢, whose corresponding R s-antichain of
minimal sets we will denote by Mg. The elements of Kg or Mg can be viewed
as “obstructions” to GG breaking apart into a direct sum of cyclics.

The first section of the paper is devoted to setting up this definition and ex-
ploring its basic properties; e.g., G will be separable iff K¢ # 1x (Lemma 1(a)),
and these R-invariants behave well with respect to subgroups (Lemma 1(c))
and direct sums (Theorem 3(a)). If G is X-cyclic, then it easily follows that
K¢ = 0¢g (Theorem 3(b)). On the other hand, if K¢ = 0g and the final rank of
G is strictly less than the first weakly Mahlo cardinal, then G is 3-cyclic (The-
orem 6 - an uncountable regular cardinal x is weakly Mahlo if the collection of
regular cardinals 7 < k is stationary in x; in particular, a weakly Mahlo cardinal
is weakly inaccessible, i.e., a regular limit cardinal). We let d,, denote the least
weakly Mahlo cardinal, if that exists, and otherwise, we let §,, = co. We say
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G is a Oy, -group if its final rank is strictly less than d,,. Assuming the axiom
of constructibility (V=L), we prove that if M is an Rj-antichain such that no
element of UM is (weakly) Mahlo, then there is a group G such that Mg = M
(Theorem 10).

In the second section we relate these invariants to some other well known
aspects of the theory of ¥-cyclic groups. In particular, we present generalizations
of the following results:

(Hill - see [8]) If G is the ascending union of a (countable) sequence of pure
subgroups Gy, which are all X-cyclic, then the same holds for G. We generalize
this by showing that if « is a regular cardinal (i.e., k € {Rg} UR) and G is the
smoothly ascending union of pure subgroups Gj; for i < k, then {T € K¢ | x &
T'} is the union of the classes {T € K¢, | k € T'} (Theorem 14). Note that if
Kk = Vg, this just says K¢ = UKg,; and so if G is a §p,-group, then Hill’s result
follows as a special case (where each K¢, = Og).

(Danchev and Keef - see [1]) If A and G are separable groups, and g : A — G
is an wi-bijection (i.e., the kernel and cokernel of g are countable), then A is
Y-cyclic iff G is X-cyclic. We generalize this to show that if x is a cardinal and
g is a k-bijection (i.e., the kernel and cokernel of g have cardinality less than
k), then K4 and K¢ essentially only differ by elements of sy (Theorem 16). In
particular, if £ = Wy, then this implies that K4 = K¢; and again, if in addition
A and G are d,,-groups, then the above result of [1] follows.

(Dieudonne - see [2]) If A is a subgroup of G and C = G /A is ¥-cyclic, then
G is S-cyclic iff A is contained in a pure subgroup B of G which is ¥-cyclic.
We generalize this to show that if K € Ry, and K¢ C K, then Ko C K iff A is
contained in a pure subgroup B of G such that Kp C K (Theorem 20). Again,
if G is a d,,-group and K = O, then the above result of Dieudonne follows.

It should perhaps be emphasized that our approach allows all three results
pertaining to Y-cyclic groups to be generalized in such a way that they apply
to the entire class of groups, though admittedly, these work best in the case of
Om-groups.

We next relate our invariants to an interesting class of groups defined by Hill
in [9]: The separable group G is said to be almost X-cyclic if it has a collection
of closed (in the p-adic topology) subgroups which is closed under ascending
unions and such that for any countable X C G, there is a countable member
of the collection C' such that X C C (Hill used the equivalent terminology
“almost a coproduct of cyclics”). We characterize this class using R g-invariants
by showing that a group G is almost Y-cyclic iff every element of Kg has at
least two elements (Theorem 26). In particular, this characterization allows us
to answer the following question of [9]: Is a summand of an almost 3-cyclic
group also a member of this class? In fact, we show that the class of almost
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Y-cyclic groups is actually closed under arbitrary subgroups (Corollary 27). We
also use this characterization to verify that the all the above results for %-
cyclic groups can be generalized to results pertaining to almost »-cyclic groups
(Corollaries 28, 29 and 30).

Since M is an invariant of G, it follows that so is "M, and in Theorem 33
we describe the elements of this set. We use this to obtain a new characterization
of ¥-cyclic §,,-groups using ascending chain of subgroups, at least in the context
of Godel axiom of constructibility (Corollary 34).

This paper grew out of and generalizes [15], where the following fundamen-
tal problem of R. Nunke on the torsion product was considered: Under what
circumstances is the torsion product of two groups 3-cyclic (see also [16], [17],
(18], [7], [14], [11], [12] and [13])? The approach to this problem given in this
paper has at least three important advantages, however. First, it is consider-
ably more concrete, and correspondingly less abstract. In addition, several of
the key results in [15] were limited to groups whose final ranks did not exceed
the first weakly inaccessible cardinal, whereas in this paper, we are able to han-
dle all groups whose final ranks do not exceed the first weakly Mahlo cardinal,
which is considerably larger. And finally, the techniques of this paper are much
easier to apply to questions not involving the torsion p! roduct, such as the
study of almost Y-cyclic groups. These two approaches are specifically related
in Theorem 12.

In the torsion-free case, Nunke’s problem is somewhat reminiscent of the
famous Whitehead problem, which asks if Ext(G, Z) = {0} implies that G is free;
both questions ask when certain homologically defined groups are ¥-cyclic. In his
seminal work on the undecidability of the Whitehead problem, Shelah utilized
a construction referred to as a A\-system (see section VIL.3 of [4]). Consequently,
it is perhaps unsurprising that there is a more than passing similarity between
the techniques used to construct K and the construction of a A-system of a
torsion-free abelian group.

We will denote the torsion product of the groups G and H by the (admittedly
non-standard) notation G 7 H. One of the main reasons for this convention
(originally suggested by Claudia Metelli) is that it emphasizes the multiplicative
nature of the functor. For example, from the very beginning of the study of Tor,
the consideration of iterated products, G1 v/ - - - 7 Gy, has played an important
role (see [16], [18]). In particular, if we define G* = G v --- 7 G, it is natural
to ask the nilpotent version of Nunke’s problem: For what groups G' does there
exist an integer n such that G™ is X-cyclic? Such a group we call K-nilpotent
and the smallest such n (if it exists) we refer to as the K-index of G.

We define a natural product structure on R and show that for all groups
G and H, Kgya = KoKpg (Theorem 4). It follows that when G and H are
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dm-groups, that G 57 H is 2-cyclic iff K¢ and Ky are never disjoint (i.e., for all
SeKgand T € Ky, SNT # () - Corollary 8).

In the third section, we use R -invariants to give a more detailed analysis
of Nunke’s problem. If K € Qp, we are led to define its K-complement, denoted
K+ € Qg, as the set of all S € Qy such that SNT # 0 for all T € K.
The assignment K — K determines a closure operation on Qx (Lemma 36)
and the topological properties of Qg are closely related to its multiplicative
properties. For example, we show (Theorem 50) that K has infinite K-index
(ie., K™ # 0g for every n < w) iff K is dense (i.e.,, K = K+ = 1g).

Nunke’s problem naturally leads to the consideration of Ry-invariants of
the form K = J* for some J € Ry, which are precisely those that are closed
in the above topology. If K € Qpg, then K is closed whenever Mg is finite
(Corollary 43). This is not the case when M is infinite but we are able to
characterize precisely when a given Qg-invariant is closed using subsets of Mg
which are A-systems (i.e., families of sets, any distinct pair of which intersect in
a fixed set, called the root of the system — Theorem 42). Perhaps surprisingly,
this characterization implies that the property of being closed only depends
upon a countable subset of Q@ (Corollary 44). In addition, we are able to prove
that closure preserves products (Theorem 47).

We give a particularly satisfying answer to the nilpotent version of Nunke’s
problem (Theorem 55), again, at least for d,,-groups. The general and nilpotent
versions of Nunke’s problem are closely related due to the following fact: A d,,-
group G is a “zero divisor” (i.e., there is a group H which is not X-cyclic such
that G v H is Y-cyclic) iff it is K-nilpotent. In other words, the groups that
arise in answering Nunke’s problem are precisely the K-nilpotent groups.

2 Ry-antichains and Rg-invariants

Given a group G, we inductively define Kg C Ry as follows: If p*G # {0},
then T' € K¢ for all T € Ry; and if p*G = {0}, then T € K¢ iff

(t) There is a k € T such that if 7" =xkNT ={B €T | B < K}, then G has
a subgroup A of cardinality x, with a filtration A = { 4; | 0 < @ < k } such that

FT/(A)={0<7;<KZ|T,€KA/A1}

is stationary in k, i.e., for any CUB (closed and unbounded) subset C' C &,
C NI (A) is non-empty. Observe that we do not assume the filtration starts
at Ag = {0}, or is even defined for ¢ = 0, though there will be occasions when
we demand these conditions be satisfied. Of course, we let Mg be the minimal
elements of K under set inclusion.
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Note that we will only be concerned with whether I';»(A) is stationary in
k. If A’ is another filtration of A, it follows that A and A’ will agree on a CUB
subset of k, so that the property that I';v(A) is stationary does not depend
upon which filtration is chosen. As a result, we will often, without comment,
replace one filtration by another, e.g., one composed of pure subgroups.

1 Lemma. Suppose G is a group. The following hold:
(a) K = 1r iff p*G # {0} (i.e., G is not separable);
(b) Ka € Ry;

(¢) If H is a subgroup of G, then Ky C Kg;

(d) If T € Mg is non-empty and k is the largest element of T', then there is a
subgroup A of G of cardinality k such that T € My;

PROOF. (a): If G is not separable, then it immediately follows from the
definition that K¢ = 1g. On the other and, if G is separable, then (f) implies
that every T' € K¢ is non-empty, so that Kg # 1g.

(b): We use induction, so suppose T' € K¢, T C S € Ry with n = [S|. If
G is not separable, then K5 = 1g, and S € K. On the other hand, if G is
separable, then select k € T and A C G as in (}). By induction on n, for all
i€ Tp(A), T C S = SNk implies S € Kyy4,, s0 that S € K¢, as required.
In addition, if 7 is any cardinal greater than |G|, then it is easy to check that
Te Kg it TN~y e Kg, so that Mg is a set, as required.

(c): If G is not separable, then K = 1g, and the result follows. If G is
separable, then so is H. In this case, if ' € Ky together with A C H and k € T
satisfies (1) for H, then it also satisfies (1) for G, so that T' € K¢, as required

(d): Note 0 € K¢, so G is separable. Choose k' € K and A C G satisfying
(1). It follows that 7”7 = {7 € T'| 7 < K’ } together with A also satisfies (), so
that 7”7 € K4 C K¢. The minimality of T, however, implies that T = T" € My,
and that x = &’ = |A|, as required. QED

Mimicking (1), if T' € Ry, then a group H of regular cardinality x will be
said to be T-stationary if for some filtration {H;};<. of H,

FT(H):{i</€|TEKH/Hi}

is stationary in k.

2 Lemma. Suppose T' € Ry and H is a group of cardinality k € R.
(a) If H is T-stationary and k € T, then TU{k} € Ky € Rk;

(b)) IfT € My, k€T and T' =T — {k} then H is T'-stationary.
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PROOF. Regarding (a), if H is not separable, then this follows from Kp =
1r. Otherwise, TU{k} and A = H clearly satisfies (}). As to (b), choose kg € T'
and A as in (f). Note that if kg < &, then Top = {t € T' | t < ko } will be in
Kp contradicting the minimality of 7. We may therefore assume that kg = .
If H ={H,}i<x is a filtration of H, then A = {H; N A}i< is a filtration of A.
Since A/(H; N A) embeds in H/Hj, it follows that I'pv(A) C I'pv(H), so that H
is T’-stationary. QED

3 Theorem. Suppose G is a group.

(a) If G = ®ic1Gi, then Kg = Uier Ka;;
(b) If G is B-cyclic, then Kg = Og.

PROOF. Regarding (a), the containment 2 follows from Lemma 1(c). Once
again we prove the converse by inducting on n = |T'|, so suppose T" € M¢; we
will be done if we can show that T is in Kg, for some i € I. Note G is not
separable iff some G is not separable, so the result follows in this case; so we
may assume all these groups are separable and T' # (). If & is the largest element
of T, choose A as in Lemma 1(d). In fact, after possibly expanding A without
altering its cardinality, we may assume A = @®j;csA;, where A; is a subgroup
of G; of cardinality at most x and J C I also has cardinality at most . In
fact, we will assume that J = A < k. We claim that there is a j < A such that
T € Ka;, which will imply that T" € K¢;, proving the result. So assume that
this does not hold. Note that we certainly cannot have 7" =T — {x} € K4, for
any j < A, since this would immediately imply that T' € K4, as well.

Let Aj = {A;¢}e<r be defined as follows: If |[A;| < &, let A;, = A;, and if
[A;| = &, let it be a filtration of A; such that 7" ¢ Ka;ya,, for all £ < k. If
for each ¢ < K, By = ®j<¢Aje, then B = {By}c, is a filtration of A. Now, by
induction on n, for all j < k we have

T' ¢ K[®j</,A;/Aj,z]@[ﬂ?zgjmz“;] =K/,

however, this implies that I'7v(A) is not stationary in &, contrary to Lemma 2(b).
Turning to (b), it is easily checked that if G; is cyclic, then K¢, = O, so
that the result follows from (a)
If Q is a class of ordinals, we now define a product on Q: If K and L are
Q-invariants, let

KL={Ue€Qy|U=SUT forsome disjoint sets S € K, and T € L}.

It is easy to verify that KL is another Qg-invariant. Equivalently, in this def-
inition we can require that S € Mg and T" € My, are disjoint and SUT C U.
It can readily be checked that the product is associative and commutative, and
that for all K € Q, 0gK = 0g and 19K = K.
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4 Theorem. If G and H are groups, then their R -invariants satisfy
KGvH = KoKy.

PROOF. Let T € Ry; we show by induction on n = |T'| that T' € Kgon
iff T € KgKpg. Note first that if n = 0, then it follows trivially, since G sy H
has a non-zero element of infinite height iff both G and H have such elements
(see, for example, 62.4 of [5]). So assume the result holds for all groups G and
H and all finite sets of regular cardinals of size less than n. Let x be the largest
element of 7" and 77 =T — {x}.

Assume that T' € Ko pg. Note that if T" ¢ Kgo i were a proper subset of T',
then by induction on n, 7" € KgKp, so that T € KgKp as required; we may
therefore assume T' € Moo m. By Lemmas 1(d) and 2(b) there is a subgroup A
of G of cardinality x which is T’-stationary. After possibly expanding A a bit, we
may assume A = By C, where B and C' are subgroups of G and H respectively,
and max{|B|, |C|} = k. We will be done if we can show " € KpK¢ C KgKp;in
fact, after possibly replacing these groups by direct sums of copies of themselves
(which by Theorem 3(a) does not affect their R g-invariants), we may assume
that B and C have cardinality .

Let {B;}i<x and {C;}i<y be pure filtrations of B and C respectively. So for
each i < k, the kernel of the obvious map

By C—[(B/Bi)vCl®[Bv(C/C)

(Biv C)N (B C;) = B; v G,

(see, for example, Lemma 7 of [18]) so that there is an embedding
(Bv C)/(Biv Ci) = [(B/Bi) v Cl& [B v (C/Cy)]

It follows that either 77 € K(p/B,)yc for all i in some stationary set Sp C
Lp(ByC)or T' € Kpg(cyc,) for all i in some stationary set Sy € T'rv (B C).
Without loss of generality, assume that the former condition holds. Then by
induction on n, for each i € Sy, T” is the disjoint union of some T; p € Kp /B,
and T; ¢ € K. Since there are only a finite number of ways to so represent 7",
it follows that there is a stationary subset S2 C Sy such that for all 4,5 € Sy,
Tip = Tjp and Tjc = Tjc. Let Ty be the former set and To be the latter.
It follows from Lemma 2(a) that if we let Tp = T U {x}, then T € Kp and
To € K¢ are disjoint and T =Tp U T € KpKo € KKy, as required.
Conversely, suppose T is the disjoint union of Ty € Kg and 77 € Kp.
Without loss of generality, assume x € Tp. Note that induction on n again
implies that there is no loss of generality in assuming Ty € M. Let T = {¢ €
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To | t < K }; so again by Lemmas 1(d) and 2(b) there is a subgroup B of G
with |B| = x which is Tj-stationary; let B = {B;}i<x be a pure filtration of B.
By (1), there is a subgroup C of H such that |C| < x and T} € K. Note that
{B; v C}i<y is a filtration of By C and for all i € I'ry(B) we have a pure exact
sequence:

0—-BvC—=ByC—=(B/B)vC—=0
(see, for example, 63.2 of [5]). By induction,

T' =Ty UTh € K(p/pyve) = Kiye)/(Bivo))-

However, using Lemma 2(a) again, this means that T € Kpoc € Kgom, as
required.

We pause to recall a few more standard definitions: If x is an uncountable
cardinal, then the group G is k-X-cyclic if every subgroup A of G with |A| < k
is 3-cyclic. The subgroup A of G is said to be k-pure if it is a summand of every
subgroup C of G for which A C C and |C/A| < k. Finally, the x-X-cyclic group
G is strongly k-Y-cyclic if every subgroup B C G with |B| < k is contained in
a k-pure subgroup A with |A| < k. We will also adopt the convention that any
group is strongly Ro-2-cyclic.

5 Lemma. Suppose G is a group and k is an uncountable cardinal.

(a) If K is singular, then G is k-X-cyclic iff it is K -S-cyclic (where k™ is the
next largest cardinal);

(b) If k is reqular and G is k-S-cyclic, then KgN kg =0 (i.c., no element of
K¢ consists entirely of reqular cardinals smaller than k).

PRrROOF. Clearly (a) is a consequence of Shelah’s Singular Compactness The-
orem (see, for example, [3]). Regarding (b), if T € Kg and T' C &, then there
is a subgroup A of G such that |A| < k and T € K 4. It follows that A is not
Y-cyclic and hence G is not k-Y-cyclic. QED

A regular cardinal  is weakly Mahlo if {7 < k| 7 € R} is stationary in &.
Let M denote the class of all weakly Mahlo cardinals; if M is non-empty, let
Om be its smallest element, and otherwise, let 6, = co. We say G is a d,,-group
if its final rank is less than d,,. Note that since any group G is isomorphic to a
direct sum B @ G’, where B is bounded and the rank and final rank of G’ agree,
the terms “cardinality” and “final rank” are often interchangeable.

6 Theorem. A §,,-group G is X-cyclic iff Kg = 0g.
PROOF. By Theorem 3(b), if G is X-cyclic, then K¢ = Og, so we concentrate

on the converse, inducting on £ = |G|. Note that if K = Ry, the result is well
known; so assume the result is valid for all groups of smaller cardinality than
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k. Next, if £ is singular, then for all subgroups A of G with |A| < k, we have
Ky C Kg = 0g, so that A is Y-cyclic by induction. It follows from the Singular
Compactness Theorem that G is X-cyclic, as well.

Therefore, we may assume that « is regular. Consider first the case where
k is isolated, i.e., K = Wgyy for some ordinal 5. Note that by induction, G is
k-Y-cyclic. In addition, for any finite subset 7' of RNk = {7 € R | 7 < Kk }, since
TU{r} is not in K¢, there is a filtration G = {Ar;}i<x of G consisting of pure
subgroups such that 7' ¢ Kqyay, for all ¢ < k. Since the number of such finite
subsets is at most Ng, it follows that G = N7Gr will also be a filtration of G. If
we index G = {A;}icx, and we let Ag = {0}, then for every i < r, T' & K4,
for all finite 7" C R N x. However, this implies that 7' ¢ K, /4, for all finite
T C RNk Since [Aj11/A;] < k, this means that K, ,4, must be empty,
so that A;1;1/A; is 3-cyclic. This, however, implies that G = ®;<.[Ai+1/A4;] is
Y-cyclic as required.

Suppose next that x is weakly inaccessible. Let G = {g;}i<x be an enu-
meration of G [in fact, the reader may wish to simply identify G with «]. For
each cardinal 7 < k, there are at most ~ finite subsets of ~. It follows from the
argument above that there is a filtration G, of G consisting of pure subgroups
A such that for each finite set 7' C RN+, T & Kg/a. It follows by induction,
then, that for A € G,, that G/A is y-X-cyclic. Now, for i < &, let G; = G;.
Consider the diagonal intersection of the G;

D={A| (Vg AAcG}

Note that D will also be a filtration of G (see, for example, Proposition 11.4.10
of [4]). Since k is smaller than the first weakly Mahlo cardinal, there is a CUB
subset of k consisting of singular cardinals; after intersecting D with that CUB,
we may assume that for every A € D, 74 = {i < k| g; € A} is a singular
cardinal. We may also assume that {0} € D. If A € D, then for every cardinal
v <7Ta, A€ g, s0 that G/A is y-X-cyclic. However, since 74 is singular, this
implies that G/A is 7' -Y-cyclic.

Let A’ be the next largest element of D. Since A has cardinality 74, we can
conclude that A’ = Ag @ A;, where A C Ao and Ag and A; are Y-cyclic and
Ay also has cardinality 74. Since G/A is 7 1 -2-cyclic, Ag/A is also X-cyclic; and
since A is pure in Ag, there is a spitting Ag = A & Aj. It follows that each A is
a summand of each A’, whose complementary summand Ca = Aj @ Ay will be
Y-cyclic. Therefore, G = @ 4epCa is X-cyclic, as required. QED

7 Corollary. Suppose G is a group, k € R and K < 0. Then G is k-X-
cyclic iff Kg MKy =10.

PRrROOF. One direction following from Lemma 5(b), assume A is a subgroup
of G of cardinality less than x; then M4 C Kg Ny, so if the latter is empty
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then M4 must always be empty, so that A must always be X-cyclic. QED

If Q is a class of ordinals and K € Qp, then let K1 denote the collection of
all S € Qy such that S is not disjoint from any element of K, or equivalently, S is
not disjoint from any element of My. We will refer to K+ as the K-complement
of K. Note that for J, K € Q, we have JK = 0g iff J C K+ iff K C J+. The
following expresses the above results in this new notation:

8 Corollary. Suppose G and H are groups.

(o) If G~7 H is S-cyclic, then KqKpy = Og (or equivalently, Kg € Ky, or
Ky C KGL)‘

(b) Conversely, if G and H are §,,-groups and KKy = Or (or equivalently,
Kg C Kyt, or Ky C Kgb), then G <7 H is S-cyclic.

‘We now prove a significant realization theorem. Before doing so, recall that
a stationary subset F C k is non-reflecting if

{v€E| cf(y) > Ng and E N~ is stationary in v } = 0.

If T'e Ry, we say a group G is T-principal if Mg = {T'}.

9 Lemma. (V=L) Assuming the aziom of constructibility, suppose T is
a finite subset of R — M. If T = ), let kK = g, and otherwise, let k be the
greatest element of T'; then there is a strongly k-%-cyclic, T-principal group G
of cardinality k.

PROOF. As usual, we induct on n = |T|. If n = 0, then we can simply let
G be any countable, non-separable group. Next, suppose the result is valid for
finite subsets of R — M of size less than n = |T'| > 0.

Let T" = T — {k} and k' be defined from 7" as was r from T. By our
induction hypothesis, there is a group G’ which is a strongly x/-X-cyclic T"-
principal group of cardinality &'. Let D = {i < & | ¢ > £’ is a limit ordinal of
cofinality ' }. Clearly, D is a stationary subset of s (since the x/-th element of
any CUB is a member of D). It follows from Theorem VI1.3.13 of [4] that D has
a non-reflecting stationary subset £ C D. There is a strongly x-X-cyclic group
G, with a filtration A = {A;},<, such that:

(a) If i € E, then A; is k-pure in G;
(b) If i € E, then Ai+1/Ai ~ @G

(The verification of this claim closely mimics the, by now, standard construc-
tion of strongly k-free groups contained in Theorem VII.2.3 of [4], and will be
omitted.)
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We need to show that this G is T-principal; since G and T clearly satisfy (f),
we can conclude that 7' € K. Consequently, we need to verify that if T is a
finite subset of R which does not contain T', then Ty ¢ K. Suppose, therefore,
that T'Z Ty and Ty € K. Choose kg € Ky as in (f); note that if ko < k, then
it would follow that T € K¢, for some subgroup Go of G of smaller cardinality.
However, G is k-X-cyclic, so this is impossible. Therefore, we must have kg = k.

If T = Ty — {x}, then T" € Tj, and so T & K¢v. If for some i € E we had
Ty € Kgya,, then there would be a j > i such that Tg € Ky, 4, But Ajyq is
k-pure in G, so that A;/A; = (A;/A;+1) ® G, and in this sum, the first term is
Y-cyclic. This implies that T cannot be an element of K A

On the other hand, if i ¢ E, then G/A; is k-X-cyclic, so that it follows that
Ty & Kgya,- We can conclude that Tp ¢ K¢, and this contradiction proves the
result. QED

10 Theorem. (V=L) Assuming the axiom of constructibility, if M is an
R g-antichain such that (UM) N M = 0, then there is a group G such that
Mg =M.

ProOF. For each T' € M, let Gy be T-principal group, and let G = e
Gr. Using Theorem 3(a), it is easily checked that Mg = M.

We now present a natural way to “measure” how close a group G is to being
d-cyclic. If A is a non-empty collection of finite sets, let

|A|| = min{ |S| | S € A}.

If K € Q. we define

(11)

21Kl if K # 00
(K) = > # 0g;
0, if K = OQ.

(we could clearly have used My in this definition instead of K); and if G is
a group, we let ¢(G) = ¢(Kg). We summarize a few elementary properties of
these definitions in the following;:

11 Theorem. The following hold:
(a) If G is a group, then ¢(G) = 1 iff G has elements of infinite height;
(b) If G is S-cyclic, then ¢(G) = 0;
(c) If G is a 6y-group and ¢(G) = 0, then G is B-cyclic;
(d) If H is a subgroup of G, then ¢(H) < ¢(G);

(e) If {G;}ier is a collection of groups, then ¢(®;crGi) = sup{c(G;) | i €
1} =c(Gy) for somei€I;
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(f) If G and H are groups, then ¢(G 7 H) < ¢(G)c(H).

PrOOF. These follow either directly from the definitions, or from Lemma 1,
and Theorems 3, 4 and 6. QED

The last result of this section describes how the results of [15] can be reduced
to the techniques presented above. Since our approach in this paper is not only
more general than that of [15], but is also self-contained, we will omit its proof.
In that work, for every ordinal a, a partially ordered set P, was defined, and
for every group G, an invariant u(G) € P, was constructed. Since an ordinal
a can be identified with the set of all smaller ordinals, we can speak of oy, -
antichains, ay-invariants and ag. Let 0, : @« — R be defined by 0(5) = Ng1,
so that 6, enumerates all the isolated (and hence regular) cardinals less than
No11. A natural induction can be used to prove the following:

12 Theorem. If « is an ordinal, then there is a natural order and product
preserving bijection ¢o : Py — i such that if G is a group, then

¢a(ﬂa(G)) = {S € ay | Ga(S) € KG}'

Theorem 12 implies that the results of [15] can be obtained simply by re-
stricting our attention in this paper to the class of isolated (and hence regular)
cardinals. The current approach, therefore, allows us to extend these notions
to regular limit cardinals, though some of the same kind of limitations that
occurred in [15] at weakly inaccessible cardinals reoccur in the present context
at those cardinals that are weakly Mahlo.

3 Applications to groups

We begin this section by observing that our results really only depend upon
the behavior of the socles of groups (i.e., G[p] = {x € G | px = 0}). To that end,
suppose H, 1 is the “generalized Priifer group” of length w+ 1. For a group G,
let G' = G~y H,,41. Note that G’ will be p**1-projective (i.e., p* T Ext(G, X) =
{0} for all X) and two such groups are isomorphic iff there is an isometry (i.c.,
an isomorphism that preserves heights) between their respective socles (see, for
example, [6]).

The following is a generalization of the classical result that when G and H
are both p“-high subgroups of A (i.e., maximal with respect to the property
pP’ANG ={0}), and G is X-cyclic, then so is H (see, for example, [10]); and if
A is a d,-group, it actually implies that result:

13 Theorem. Suppose G and H are groups. The following hold:

((l) K¢ = KG’;
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(b) If there is an isometry f : G[p] — H|p], then Kq = Kg;

(¢) If G and H are both p*-high subgroups of A (i.e., mazimal with respect to
the property p* AN G = {0}), then Kg = K.

PROOF. Regarding (a), by Theorem 4, Kor = KqgKp,,, = Kglr = Kg.
Now, (b) then follows, since the isometry f induces an isometry f’ : G'[p] —
H'[p]; but since G’ and H' are p**!-projective, it follows that G’ = H’, so that
Kg = Koo = Ky = Kp. Finally, (¢) follows from (b) and the fact that when G
and H are p“-high subgroups of A, then there is an isometry f : G[p] — H|[p].
[This last fact follows from the observation that G[p] and H|[p] map to the same

subgroup under the homomorphism A — A/p*A.] QED

Tt is a classical result, due to Hill (see [8]), that if G is the ascending union
of a sequence of pure subgroups, {G}i<w, such that each G; is E-cyclic, then G
itself is 3-cyclic. The following, then, can be viewed as a generalization of that
result (especially for d,,-groups).

14 Theorem. Suppose k is a regqular cardinal and G is a group which is
the smoothly ascending union of pure subgroups {G;}i<x. Then

{TGKg‘KgT}:Ui<K{TEKGl‘K%T}.

Before we begin, note that if kK = Ny, what we are asserting is that Kg =
UicwK¢,. In particular, if each K¢, = O, then K¢ = Og. Therefore, if each G;
is Y-cyclic and G is a dy,-group, then it follows that G is also ¥-cyclic.

PROOF. Since the containment D is routine, we consider the inclusion C.
We prove by induction on n = |T'| that if T € K¢ and k € T then there is a
J < r such that T' € Kg;.

Note that if n = 0, then T' = ). So if T' € K, then G has a non-zero element
of infinite height. Since all the G; are pure, it would follow that for some j < ,
G'j would have a non-zero element of infinite height, which is just what is being
asserted.

Suppose, therefore, that we have verified the result for all Ty € Kg with
k¢ Tyand 0 < |Tp| < n, and T € K¢, with k ¢ T and |T'| = n. Let v be the
largest element of 7', so that v # k. Note first that if 7" is not in Mg, then it
has a proper subset 77 € Mg. By induction, then, there is a j < s such that
Ty € Kg;, so that T' € Kg;, as required. These remarks, therefore, justify the
assumption that T € Mq.

Find a subgroup H of G such that v = |[H| and T' € K. Since T is minimal
in K¢, it follows that 7' € My. Consider first the case where v < k: it follows
that there is a j < s such that H C Gj, and it immediately follows that
T € Ky C Kg,, as required.
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Assume next that v > k. Since v is regular, there is a A < k such that
|H UGj| =~ for all v > A. Without loss of generality, assume this holds for all
J < k. After possibly expanding H a bit (without changing its cardinality), we
can also assume that

(a) For all j < k, HN G is pure in G;, and hence in G, and hence in H,
and |H NGj| =1;

If 7" =T — {~}, then H is T'-stationary, so let H = {H;};< be a filtration
of H. Note that [H; + (H N G5)]/(H N Gj) will be a smoothly ascending chain
with union H/(H NG}), so by restricting to a CUB subset, we may assume that
for all i < v and j < &,

(b) [H; + (H NG;)]/(HNGy) is pure in H/(H NGj), and so H; + (H N G;)
will be pure in H.

Note that this implies that [H; 4+ (H N G;)]/H; is a pure subgroup of H/H;,
and their union over j < x will be H/H;.

Let S =T7/(H) C . Then for all i € S, by induction on n, we can conclude
that there is a j; < s such that 7" is in the R -invariant corresponding to

(Hi + (HNGy,)]/Hi = (HNGj,)/(H; N Gj;)

It follows from Fodor’s Lemma (see, for example, Corollary 11.4.11 of [4]) that

there is a fixed jo < k such that Sy = {i € J | j; = jo } is stationary in ~.
Since {H; N Gy, }icy is a filtration of H N Gy, it follows that H N Gy, is

T'-stationary, so by Lemma 2(a), T' € Kung;, € K, . as required.

15 Corollary. Suppose G is a group and Kk € R.

(a) If G can be expressed as the smoothly ascending union of the pure sub-
groups {G }i<x where each G; is X-cyclic, then £ € NMg;

(b) Conversely, in the constructible universe (V=L), if M is an R ¢-antichain,
(UM)NM = 0 and K € NM, then there is a group G, which can be
expressed as a smoothly ascending chain indexed by k consisting of pure
Y-cyclic subgroups, such that Mg = M.

PROOF. Regarding (a), since K¢, = Og, it follows that U;«,K¢g, = Og, so
that k € T for all T' € K¢, and hence k € T for all T' € M.

Turning to (b), if T € M, let By be a group that is T'—{ }-principal. Suppose
A is a {k}-principal group of cardinality ~ that is k-Y-cyclic. Note that A can
clearly be expressed as the smoothly ascending union of pure X-cyclic subgroups
{Xi}ick. It follows that Gp = A 7 By is the smoothly ascending union of the
pure subgroups {X; 7 Br }i<x, each of which is again 3-cyclic. Note that Gy is
T-principal, and it follows that

G = SremGr
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has all the required properties. QED

Recall that if k is an infinite cardinal, then a homomorphism g : A — G
is called k-bijective if its kernel and cokernel have cardinality less than k. It
is a routine exercise that if A and G are separable groups and g : A — G
is an wi-bijective homomorphism, then A is Y-cyclic iff G is X-cyclic (see, for
example, [1]). We generalize this observation in the following:

16 Theorem. Suppose A and G are separable groups, kK € R andg: A — G
is a k-bijective homomorphism. Then

{TeMg|TZkrk}CKasand{T e My|TZr}CKg.

PROOF. Suppose first that 7' € My and T € k. Since A is separable, T is
non-empty; let 7 be the largest element of 7', so that 7 > k. If X be the kernel
of g, let v = max{|X|,|G/g(A)|} < k. Let H be a subgroup of A of cardinality
7 such that T € Kp. Note first that by possibly expanding H a bit, we may
assume X C H; observe further that T € M4 implies that T € My, so by
Lemma 2(b), H is 7" = T — {7}-stationary, and we let {H;};<, be a filtration
of H. Note that for some ig < 7, X C H;,. It follows that for i > iy, we have

H/H; = g(H)/g(H;),

and since 7" € Ky, for i ranging over a stationary set, it follows from
Lemma 2(a) that 7' € Ky, as well, so that it is also in K¢, as desired.

Similarly, suppose T' € Mg, T € k and 7 is the greatest element of 7.
Again, let H be a subgroup of G of cardinality 7 such that 7" € My. Let Y be
a subgroup of G of cardinality less than x such that g(A) +Y = G. Note that
replacing H by H + Y does not alter its cardinality or the fact that 7" € Mp.
Again, if T/ =T — {7}, then H is T"-stationary; let {H;};<, be a filtration of
H. Tt follows that there is an i such that Y C H;,. If we let H' = g~1(H) and
H! = g='(H;), then {H!};<, is a filtration of H'. Now, for every i > iy we have
(HnNng(A)) + H; = H [since if h € H, then h = z + y, where z € g(A) and
y €Y C H;, and it follows that = h—y € HNg(A), as required]. This implies
that there are isomorphisms

H'/Hj = (H 0 g(A)/(H; N g(A)) = [(H N g(A)) + Hi]/H; = H/H;.

Therefore, H' is T'-stationary, so that T' € Ky C K4, as required. QED

17 Corollary. Suppose A and G are separable groups and g : A — G is a
k-bijective homomorphism. Then

{SeMs|SnNk=0}={SeMg|Snk=10}.
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The following observation clearly implies the aforementioned result of [1], at
least for d,,-groups, by considering when these R x-invariants equal Oz:

18 Corollary. If A and G are separable groups and g : A — G is an wy-
bijection, then Ky = Kg.

19 Corollary. Suppose A, B, G and H are separable 6,,-groups and g :
A — G and h : B — H are wy-bijections. Then A~y B is X-cyclic iff G~7 H is
Y-cyclic.

PROOF. Since KAvB = KgKp = KgKy = KGvH7 we have KAvB = O
iff KGvH =0g. QED

We now introduce some notation, originally due to Hill (see, e.g., [9]). If A
and B are subgroups of G, we will write A||B if for all @ € A and b € B, if
n < w and n < htg(a+Db), then there is an @ € AN B such that n < htg(a+x).
Note that this will imply that n < htg(b — x), as well, so that the relation is
symmetric. In Hill’s original definition, n < w was allowed to be any (possibly
infinite) ordinal, but since we are primarily concerned with separable groups,
this restriction will be appropriate for our uses. We note two easily verified
properties of this definition:

(A) If A and B are infinite subgroups of G, then there is a subgroup A’ con-
taining A such that |A| = |A’| and A'||B.

(B) If B is a subgroup of G and {A;},< is an ascending chain of subgroups
of G with union A, then if AiHB for all 7 < A, then A||B.

A classical result, due to Dieudonne ( [2]), can be slightly, but equivalently,
reformulated thus: When A is a subgroup of G where C' = G/A is X-cyclic,
then G is Y-cyclic iff A is contained in a pure subgroup B of G which is also
Y-cyclic. The following can be viewed as a generalization of this result, at least
for d,,-groups, by letting K = Og:

20 Theorem. Suppose K € Rg, A is a subgroup of G and C = G/A. If
Ko C K, then Kg C K iff A is contained in a pure subgroup B of G such that
Kp CK.

Before beginning, note that we can restate the theorem in the following way:
If A is a subgroup of G and C' = G//A, then whenever B is a pure subgroup of
G containing A, we have

KeUKe=KpUK¢.

Again, another way to state this is that with the above notation, if " € Kg— K¢
and B is a pure subgroup of G containing A, then 7' € Kp.
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PrOOF. We verify this last way of expressing the result by inducting on
n = |T|. If n = 0, then if T € Kg — K¢ and B is a pure subgroup of G
containing A, then there is a non-zero z € G of infinite height. Since C' is
separable, it follows that t + A =0+ A € C, so that x € A C B. It therefore
follows that x has infinite height in B, so that T' € Kp, as required.

We may therefore assume that n > 0, so that T' € Kg — K¢ is non-empty,
and let B be some pure subgroup of G containing A. In fact, the induction
hypothesis clearly implies that we may assume that T € Mg (since if Ty € K
is a proper subset of 7', then Ty ¢ K¢, so that by induction Ty € Kp, which
gives T € Kp). Let x be the largest element of T, and 7" = T — {k} and X
be a T’-stationary subgroup of G of cardinality x. Note that after expanding X
while not altering its cardinality, we may assume that Bx = BNX is pure in X.
Let Ax =ANX C Aand Cx = [X + A]/A C C. Suppose first that |[Ax| < &:
It follows that X — Cx is a k-bijection. Since T' € Mx, we could conclude
from Theorem 16 that 7' € K¢, € K¢, which is not true. We can therefore
conclude that |Ax| = k. Suppose now that |Cx| < k: It follows that Ax — X
is a k-bijection, and by Theorem 16, we again have that '€ K4, € K4 C Kp,
as required. We may therefore also assume that |Cx| = k.

By a standard argument using (A) and (B) above, we can construct a filtra-
tion {Y;}icx of X such that for all i <k, Y;|| Bx.

For i < k, let G; = X/Y; and

Ai=[Ax +Yi]/Vi = Ax /(ANY)),
B; = [Bx +Yi]/Yi = Bx/(BNYj),
Ci = Gi/Ai = (X/Y)/([Ax + Yi]/ Vi) = X/[Ax + Yi].

Since AN ((ANX)4+Y)=(ANX)+ (ANY;) = AN X, we have isomorphisms

C; =2 [X/Ax]/[(Ax +Y3)/Ax]
= [X/(AnX)]/[(ANX) +Y:)/(AN X)]
= [X/(ANX)/[(ANX) +Y)/(AN((AN X) + Y7))]
= [(X + A)/A]/[(ANX) +Y;) + A)/A]
=[(X +A)/A]/[(A+Yy) /Al = Cx [[(A+Yy) /Al

We now verify that our construction guarantees that B; is pure in G;: Let b+ Y]
be an element of B; (where b € By) whose height in G; is at least n < w.
It follows that there is a y € Y; such that b + y has height at least n in X.
Therefore, since Yl-HBX7 there is a z € Bx NY; such that b + z has height at
least n. However, since By is pure in X, this implies that b+ z = p"by for some
by € Bx, so that p"(by +Y;) = b+ Y;, as required.
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Now observe that {(A + Y;)/A}i<x is a filtration of Cx. Since T ¢ K¢,
it follows that 7" ¢ K¢y, so there is a CUB subset C C k such that 77 ¢
Ky jia+v)/a) = Kc, for all i € C. Since {Yi}iec is a filtration of X, for all 4 in
some stationary set S C C, we have T € K. It follows from induction that for
every i € S, T' € Kp, = Kp, /(pny,)- However, since {B NY;}i, is a filtration
of By, it follows that Bx is T"-stationary, so that T' € Kp, C Kp, completing
the proof.

21 Corollary. If A is a pure subgroup of G and C = G/A, then KqUK¢c =
KaUKc¢.

ProoF. This follows from the discussion immediately following Theorem 20
by letting B = A. QED

We noted early on that if A is a subgroup of G, that K4 C Kg. As to
quotients, we have the following interesting special case of this last result:

22 Corollary. If A is a pure X-cyclic subgroup of G and C = G/A, then
Ko C Ke.

For example, when A is a basic subgroup of GG, then C' is divisible and the
last result generalizes the observation that Kq C 1g = K.

We now relate R g-invariants to a class of groups defined by Hill in [9]. The
separable group G is said to be almost X-cyclic if it has a collection of subgroups
C such that:

(1) For all C € C, C is closed in G (i.e., G/C is separable);

(2) If XA is an ordinal and {C;j};<x C C is an ascending chain in C, then
UicnCi € C;

(3) If X C @ is countable, then there is a countable C' € C such that X C C.

We begin our discussion of this class with the following elementary observa-
tion:

23 Lemma. Suppose G is almost ¥-cyclic using the family C and X C G
is infinite. Then there is an A € C such that | X| = |A| and X C A.

PrOOF. We prove this by induction on |X|, it being part of the definition
if this is countable. Assume, therefore, that it works for all subsets of smaller
cardinality, and let A = | X|, X = {x;}i<x and X, = {®;}ica. We inductively
choose A, € C such that

(a) Xq C Aa;
(b) If B < aw < A then Ag C Ay;
(c) Aol = la] + Ro.
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If «v is a limit, we just take unions, and if @« = 41 is isolated, then by induction
thereis an A,11 € C such that A,U{x} C Apt1 and |Ay| = |Aa+1], completing
the proof.

24 Lemma. If G is the smoothly ascending union of closed pure subgroups
{Gi}i<x, and for each i < X\, G; is almost X-cyclic, then G is almost X-cyclic.

PRrROOF. Clearly, we may assume that A is a limit ordinal. If x € G, let s(z)
be the first ¢ < A such that € G;, and if X C G, let s(X) = {s(z) |z € X }.
Suppose for each i < A that C; is a collection of subgroups of G; which show
that it is almost Y-cyclic. Let C be the collection of subgroups A of G satisfying
the following:

(a) For each i € s(A), ANG; € Cy;
(b) For each i € s(A), Al|G.

It is fairly clear that the ascending union of groups in C will once again be in C,
and that any countable subset of G' can be embedded in a countable member of
C. The crucial point, however, is to verify that every A € C is actually closed.
Let , be a sequence in A converging (in the p-adic topology) to y € G; we may
assume ht(y — z,,) > n. Note that if there is i € s(A) such that s(x,,) < for all
n, then each z,, € AN G;, and since this group is closed in G;, which is closed
in G, it follows that y € AN G; C A, as required. It follows, therefore, that we
may assume 7 = sup{ s(z,) | n < w} is a limit ordinal. Since G, is closed, it
follows that y € G, so that s(y) < . Choose ¢ < w such that s(y) < s(z¢) < 7.
Now, if ¢ = s(xy), then by condition (b), for each n, since ht(z, —y) > n, we
can write x,, — w, = 2z, where w, € AN G; and ht(z,) > n. It follows that
y—wy, = (y—xp) + (xn —wyn) = (Y — ) + 2, also has height at least n, so
that w,, converges to y in the p-adic topology. It follows that y € ANG; C A,
as required. QED

25 Lemma. Suppose G is a separable group and k € R. Then T = {k} €
Mg iff G has a subgroup H of cardinality k that is O-stationary, i.e., for some
(and hence every) filtration {H;}i<yx of H,

Ty(H) ={i < k| H; is not closed in H (in the p-adic topology) }

18 stationary in K.

PROOF. Suppose T' € M. By Lemmas 1(d) and 2(b), G has an (-stationary
subgroup of cardinality x. Conversely, if such an H exists, then by Lemma 2(a),
T € Ky C Kg. Since G is separable, §) is not in K¢, so that we can conclude
that T is actually a minimal set in K¢, as required. QED
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We have now done all the “heavy lifting” for our characterization of al-
most YX-cyclic groups using R g-invariants. We will adopt the convention that a
countable group G is (-stationary iff it is not separable.

26 Theorem. If G is a group, then the following are equivalent:
(a) G is almost X-cyclic;
(b) ¢(G) < 1/4;
(¢) Every T € K¢ has at least two elements;
(d) G has no subgroups of reqular cardinality which are 0-stationary.

PRrROOF. Note that (b) and (c) are clearly equivalent and by Lemma 25, these
are equivalent to (d). Suppose next that (a) holds, so that G is almost 3-cyclic
using the collection of subgroups C, and H is an arbitrary subgroup of G with
|H| = k € R; in fact, let H = {x;};<, be an enumeration of H. Using Lemma 23,
we inductively construct a smoothly ascending chain of groups {A4; }i<x C C such
that for all 8 < K

(a) {zi}icp C Ag;
(b) [Agl = 18] +No < .

Once again, at limit ordinals we just take unions, and at isolated ordinals § =
7+ 1, we employ Lemma 23 to construct Ag containing A, and .

Note that each A; is closed in G, so that H; = A; N H is closed in H. It
follows that I'y(H) is empty, and in particular, non-stationary. Since this applies
to all subgroups of G of regular cardinality, we can conclude that (d) holds.

We prove that (b-d) implies (a) by induction on |G| = 7, so assume |G| =T
and it holds for all groups of strictly smaller cardinality. Let x be the cofinality
of 7. We first verify that G is the union of a smoothly ascending chain {G;}i<x
such that each G; is pure and closed in G, and |G;| < 7: Note that this is trivial
if 7 is regular (since otherwise G would be an (-stationary subgroup of itself), so
assume k < 7. Suppose G is the smoothly ascending union of the pure subgroups
{Gi}ick. If S = {j < k| G is not closed in G'} is stationary in x, then, for
every j € S, let X; be a countable subgroup of G such that [X; + G;]/G; has
elements of infinite height. Consider H = (X : j € S); clearly H has cardinality
. For each i < k, let H; = H N Gy, so that {H; };<, is a filtration of H. Since
for every j € S, [X; 4+ G;]/G; = X;/[X; N G;] embeds in H/Hj, it follows that
S CTy(H); therefore, H is ()-stationary, contrary to our assumption on G.

Restricting to a CUB subset, we may assume that each G; is closed in G.
Since G has no subgroup of regular cardinality that is (-stationary, it follows
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that the same can be said of G; for all i < k. By induction, therefore, each G;
is almost Y-cyclic, so by Lemma 24, G is almost X-cyclic, as required. QED

Note that if G is almost X-cyclic and |G| = Ry, then every T € Mg must
be a subset of {R;}, and hence Ki = Og, and G is X-cyclic. This observation
is Theorem 2 of [9]. On the other hand, it can easily be verified that the groups
G constructed in Theorem 4 of [9] have cardinality Ry and Mg = {{N;,Ro}}.
These G are, therefore, the smallest possible examples of groups that are almost
>-cyclic which fail to actually be Y-cyclic.

In [9] it was asked whether a summand of a group that is almost X-cyclic is
also almost Y-cyclic. The following observation provides an even more general
result:

27 Corollary. Suppose G is almost ¥-cyclic and A is an arbitrary subgroup
of G. Then A is also almost ¥-cyclic.

PRrROOF. By Theorem 11(d) and Theorem 26 we have ¢(4) < ¢(G) < 1/4.
Applying Theorem 26 again, we have that A is also almost Y-cyclic.

We now generalize the three results on Y-cyclic groups mentioned in the
introduction to the class of almost »-cyclic groups. The following is a version
of the aforementioned theorem of Hill from [8]:

28 Corollary. Suppose G is a group which is the union of an ascending
sequence of pure subgroups {Gi}i<,. If each G; is almost X-cyclic, then so is G.

Proor. By Theorem 14, K¢ = U;«,Kg,, so in particular, since every ele-
ment of each K¢, has at least two elements, the same can be said of G. QED

In [9] it was observed (using slightly different language) that if A and G
are separable groups and f : A — G is an wi-bijective homomorphism, then
G is almost Y-cyclic if A is almost X-cyclic. We now generalize that result to
larger cardinalities. If k € R, we will say a group G is k-almost X-cyclic if every
subgroup H of G of cardinality less than r is almost Y-cyclic. It easily follows
that a group is Nj-almost 3-cyclic iff it is separable and Ng-almost -cyclic iff
it is Wo-X-cyclic.

29 Corollary. Suppose k € R, A and G are k-almost X-cyclic groups and
g: A — G is a k-bijective homomorphism. Then A is almost X-cyclic iff G is
almost X-cyclic.

PROOF. Suppose G is almost Y-cyclic and T € My4. Since A is separable,
we can conclude 7T is non-empty, so let 7 be its largest element. If 7 < &, then
A has a subgroup H of cardinality at most 7 with 17" € Kp; since A is xk-almost
Y-cyclic and |H| < 7 < k, H is almost Y-cyclic, so T has at least two elements
by Theorem 26. If 7 > &, then by Theorem 16, T' € K¢, and since G is almost
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> -cyclic, Theorem 26 implies that 7" has at least two elements. However, by
Theorem 26 once more, this implies that A is almost Y-cyclic, as required.
Conversely, suppose A is almost Y-cyclic and T' € M. Since G is separable,
we can conclude 7' is non-empty, so let 7 be its largest element. If 7 < k, then
G has a subgroup H of cardinality at most 7 with 7' € Kp; since G is k-almost
Y-cyclic and |H| < 7 < K, H is almost 3-cyclic, so T has at least two elements.
If 7 > k, then again by Theorem 16, T' € K4, and since A is almost X-cyclic, T’
has at least two elements. However, by a final application of Theorem 26, this
implies that G is almost X-cyclic, as required. QED

The interested reader can verify that the last result is also true for X-cyclic
groups (as opposed to almost Y-cyclics).

Next we show that Dieudonne’s result for ¥-cyclic groups generalizes to
almost Y-cyclic groups:

30 Corollary. Suppose A is a subgroup of G and C = G/A is almost 3-
cyclic. Then G is almost X-cyclic iff A is contained in a pure subgroup B C G
which is almost 3-cyclic.

Proor. If G is almost Y-cyclic, the result follows from Corollary 27, so
assume we can find the pure subgroup B. Since K¢ C Kp U K¢, every element
of K¢ is in either Kp or K¢, and in particular, it must have at least two
elements. The result, therefore, follows from Theorem 26.

Again we can be a bit more specific in the case of pure subgroups:

31 Corollary. Suppose A is a pure subgroup of G and C' = G/A is almost
Y-cyclic. Then G is almost X-cyclic iff A is almost X-cyclic.

Our next observation, which follows directly from Theorems 13(c) and 26,
continues the parallel between X-cyclic and almost ¥-cyclic groups:

32 Corollary. Suppose G and H are p“-high subgroups of a group A. If G
is almost X-cyclic, then so is H.

We now turn to characterizing the elements of NM¢, at least in some set
theoretic environments:

33 Theorem. Suppose G is a dp-group, K € R, K < Oy, and H is some
{k}-principal 6,,-group of cardinality . Then the following are equivalent:

(a) kK € NM¢;
(b) (G H) =0;

(c) G is the union of a smoothly ascending chain of pure subgroups {G;}i<x
starting at Go = {0} such that for alli < X\, Gi41/G is a k-X-cyclic group
of cardinality at most k.
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PROOF. We first observe that if A is a group with |A| < &, then by Corol-
lary 7, Asy H is Y-cyclic iff A is a k-3-cyclic group.

Note that (a) is equivalent to (b), since k € NMg iff KKy = Og iff
oGy H)=0.

Assume next that (c) is valid and we are given {G;};< with the described
properties; note that for each i, the pure exact sequence

0— Gi — Gj+1 — (Gi+1/G,‘) — 07
determines another pure-exact sequence,

Now, our hypotheses imply each (G;4+1/G;) 7 H is 3-cyclic, so that the latter
exact sequences all must necessarily split. It follows that

G H=Z8[(Gin/Gi) v HI,

so that ¢(G 7 H) = 0.

Conversely, suppose ¢(G 57 H) = 0 for some k-principal H. Fix a decompo-
sition G \7 H = @j¢;C}, where each Cj is cyclic. If A = |G|, we can inductively
construct a smoothly ascending chain of pure subgroups {G;}i<) of G such that

(0) Go = {0};
(1) Gi v H = ®jey,C; for some subset J; C J;
(2) |Git1/Gil < k.

These conditions imply that c((Gi1/Gi) 7 H) = 0, so that K¢, /g, Ku = O,
but this is equivalent to the statement that G;11/G; is a k-X-cyclic group, as
required.

We conclude this section with a new characterization of the class of ¥-cyclic
Om-groups, at least in V=Lz:

34 Corollary. (V=L) Assuming the axiom of constructibility, a O,-group
G is X-cyclic iff for an infinite collection of cardinals k, € R with Kk, < dp,
we can write G as the smoothly ascending union of pure subgroups {Gn}tic,
starting at Gpo = {0} such that for all i < Xn, Gnit1/Gn,i is kn-S-cyclic of
cardinality at most k.

PrOOF. If ¢(G) = 0, then it can be written as a smoothly ascending union
of pure subgroups whose corresponding factors are, in fact, cyclic, and such an
expression satisfies the hypotheses for any infinite cardinal .

Conversely, if G satisfies this property, then for all n < w, k, € NMg. The
only way this is possible is for Mg = (), but this implies that G is 3-cyclic, as
required.
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4 Applications to Nunke’s Problem

We begin by observing that the obvious translation of Nunke’s problem to
the class of almost X-cyclic groups has an essentially trivial solution:

35 Corollary. If G and H are separable groups, then G 7 H is almost
Y-cyclic.

Proor. Note ¢(G) = 277 and c(H) = 27%, where k,j are non-negative
integers, and by Theorem 11(a), since G and H are separable, neither j and k can
equal 0. Using Theorem 11(f), since ¢(G7 H) < ¢(G)e(H) < (1/2)(1/2) = 1/4,
the result is an immediate consequence of Theorem 26.

We collect some properties of K-complements in the following:

36 Lemma. If Q is a class of ordinals and J, K € Qf, then
(o) JK =0 if K CJ+ iff J C K*;
(b) J C K implies K+ C J*;
(¢) K C KL,
(d) Kt =KL,
(e) K=K+ iff K = J* for some J € Qi;
f) (JNK)r =JruK*:;
(9) If {Ki}ier C Ok, then (Uier i)t = Nier(K;h).

PROOF. (a), (b) and (c) follow immediately from the definitions. (d) and (e)
follow from (b) and (c). For (f), since JNK C J, K, we have J*, K+ C (J N K)*,
so JE UK+ C (JNK)*. Conversely, if S € (JNK)* then SNV # § for all
V e JN K. Now, if S ¢ J', then there is an Ty € J such that SN 7Ty = (.
Therefore, for all U € K, To UU € J N K, which implies that S N (Tp UU) # 0.
Since SNTy = (), we conclude that SNU # ), so S € K-, proving (f). Regarding
(), S € (Uier K) - if SNT # () for all T € Use K iff SNT # @ for all 4 € 1
and for all T € K; iff S € Mier(Kit). QED

We say K € Qp is closed if it satisfies (e). By (f) and (g), the complements
of the closed elements of Q form a topology on Q. For K € Qk, K1+ is the
smallest closed set containing K, so it is the closure of K in the topology, and
we denote K+ by K. Naturally, K is dense iff K = 1g. We will see that when
Q is finite, every element of K is closed, but that this fails when Q is infinite.

If V is a subclass of Q there is a natural function wg : O — Vi, where for
K € Q,

YI(K)=KnNV;={SeV;|SeK}.
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In addition, whenever K € Qp, then UM is a set, and if we let V = UMk,
then it is fairly clear for X € Qy, that X € K iff XNV € K, and that we might
as well assume all calculations regarding K take place in V. We will utilize this
observation often in the sequel without making specific mention of it.

We note in passing that if Ki,..., K, are in Qg, then the elements of the
iterated product K --- K, are the unions of pairwise disjoint sets S; U---U .S,
such that each S; € K;. Equivalently, T' € Ky --- K, iff for ¢ = 1,...n, there
are pairwise disjoint sets S; € M, such that S; U---U.S, C T. We use this
observation in the following:

37 Proposition. If Q is a finite set of ordinals with |Q| =n, n <m < w
and Ky ..., K,, € Qk are proper Q-invariants (i.e., each K; # 1g), then
K- Ky =0g.

PRrOOF. Note that any pairwise disjoint union Sy U---U S,, € K1--- K,
must have at least m elements, which implies that no such things exist. QED

We can use Kg-invariants to give short and elementary proofs of nearly all
of the previous work on Nunke’s problem. For example, the next result is a
restatement of Theorem 5 of [13] and follows directly from Proposition 37.

38 Corollary. Suppose n,m < w, n < m and Gi,...,Gpy, are separable
groups of final rank at most X,,. Then G1 <7 -+ 7 Gy, is S-cyclic.

PrOOF. Note that if we let V = {Xy,...,N,}, then Uiy Mg, C V, so we
can perform our computation in V. The result therefore follows directly from
Proposition 37. QED

On the other hand, the last result can be significantly strengthened for
almost Y-cyclic groups:

39 Corollary. Suppose n,m < w, n/2 < m and Gi,...,Gy are almost
S-eyclic groups of final rank at most W,,. Then Gy </ -+ - 7 G is S-cyclic.

ProOOF. Note that every element of K¢, has at least two elements, so if
S1 € Kgys..., Sm € Kg,, are pairwise disjoint, it follows that 2m < n. QED

Of course, a Qp-invariant K is finitely generated if My is finite. In this
case, V = UM will also be finite. We next note that for finitely generated Qy
invariants, K-nilpotency is easily characterized:

40 Corollary. If K € Qg is finitely generated, then K is K-nilpotent iff
K # 1qg (i.e., K is proper).

PRrROOF. Note 1g is not K-nilpotent, but Proposition 37 implies that any
proper Qp-invariant is.

Suppose K is a Qp-invariant and X € Qy. Our next result characterizes
when X € K. Recall that a collection of sets D C Qrisa A-system if there is
a fixed X C Q such that SNT = X for all distinct pairs S,T € D. The set X
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is called the root of D. This notion has an important role in set theory (see, for
example, section I1.6 of [4]).

41 Lemma. If Q is a class of ordinals, X € Qy and K € Qg, then the
following are equivalent:

(a) X € K;

(b) Forall Z € (Q—X)y, there exists S € K, such that X C S and ZNS = 0;
and if Q 1is infinite, these are equivalent to:

(¢) There is an infinite subset D C K which is a A-system with X as a root.

PROOF. We first suppose that X satisfies (b) and verify that (a) holds. If
Z € K+, we need to show that Z N X # (). Note that if this does not happen,
then by hypothesis, there is an S € K such that X C S and SN Z = (. But
this would contradict that Z € K.

We now show that (a) implies (b), so suppose X € K, and Z € (Q — X);.

Since ZN X = (), we can conclude that Z ¢ K = KL = KL 1t follows that
there is an Sy € K such that Z NSy = (). Letting S = X U Sy gives the required
set.

We now show the equivalence of (b) and (c) assuming that Q is infinite:
Suppose first that we are given the infinite A-system, D C K, with X as a root.
If Z is a finite subset of @ — X, then since D is a A-system, every z € Z is
an element of at most one element of D. Therefore, there is a T" € D which
contains no element of Z, as required. Conversely, suppose X satisfies (b); we
will construct D = {T,, | n < w} by induction. Choose Ty € K such that
X C Tp (such a Ty must exist by letting Z equal, say, 0 in (b)). Since Q is
infinite, we may, in fact, expand Tj so that the containment X C Tj is proper.
Suppose we have constructed Ty, ..., T}, all of which properly contain X, such
that for all distinct ¢, j < n, T; NT; = X. Using (b), we can find 7,11 € K such
that there is a proper containment X C 7,11, and such that

T N(THU---UT,) — X) = 0.
It follows that for all distinct 4, j < n+1, T; # Tj and T; N T; = X, completing
the argument.

42 Theorem. If Q is a class of ordinals and K € Qg then K is closed iff
My has no infinite subset that is a A-system.

PROOF. Let C' = K. Suppose first that Q is finite. If X € C, then letting
Z =Q—X € (Q— X); in Lemma 41(b), we can find an S € K such that
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X C S and X NZ = (). These conditions, however, imply that X = S € K, so
that K is closed, as required.

We may therefore assume that Q is infinite. Now, assume that {7} | i <
w} C M is a A-system having X as a root. By Lemma 41(c), we can conclude
X € C. Note that since X is a proper subset of each Tj, and these are all
minimal sets in K, we can conclude that X ¢ K, so that K is not closed.

Conversely, suppose C' # K and choose X € C'— K. By Lemma 41(c), there
is a A-system, {T; : i < w} C K having X as a root. For each ¢ < w, choose
Si € Mg such that S; C T;. Since X ¢ K, we can conclude that for all i < w,
S; is not contained in X. However, since for all distinct 4,j < w, S; N S; C X,
we can conclude that S; # 5. Because X has only finitely many subsets, there
is X’ C X such that S; N X = X’ for infinitely many ¢ < w, and it immediately
follows that this infinite subset is a A-system with X’ as a root.

43 Corollary. If Q is a class of ordinals and K € Qy is finitely generated,
then K is closed.

PRrROOF. Since Mg has no infinite subsets, it must be closed. QED

44 Corollary. If Q is a class of ordinals and K € Qp is closed, then Mg
is countable.

PRrOOF. It is a well known result that any uncountable collection of finite
sets has a infinite subcollection which is a A-system. (See, for example Corol-
lary I1.6.2 of [4].) QED

45 Example. A specific closed Q-invariant K such that My is (countably)
infinite can be constructed as follows: Suppose Q = w and for every odd number
j<w,S;={j}U{k <j|kiseven }. It is obvious that the collection of all
such S; is an wy-antichain, and if jo < ji are odd numbers, then S, N S;, =
{k < jo |k is even }, from which it can readily be seen that My = {S; | j is
odd } has no infinite subset that is a A-system.

46 Lemma. If Q is a class of ordinals and J, K € Qg are closed, then so
is their product JK.

PRrOOF. Suppose JK is not closed. Then by Theorem 42, we can find an
infinite collection {S, U Ty }new € JK, where S, € My and T,, € My are
disjoint, which is a A-system with X as a root. Note that either {S,},<, or
{T},}n<w must be an infinite collection; without loss of generality, assume it is
the former. Note that for all n,m < w, S, NS, € X. Since X has only a finite
number of subsets, there is an infinite subset L C w such that for all n € R,
Sp N X always equals some fixed Xy C X. It follows { S, | n € L} is an infinite
A-system with X as a root, so by Theorem 42 that J is not closed, contrary
to hypothesis.

The above results have the following consequence regarding products.
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47 Theorem. If Q is a class of ordinals and J, K € Q, then JK = J K.

PROOF. The result is trivial if Q is finite, so assume Q is infinite. Note
first that JK C J K, and by Lemma 46, the latter is closed, so JK C JK.
Conversely, suppose XUY € JK, where X € J,Y € K and XNY = (). We use
the characterization of the closure of a Qp-invariant given by Lemma 41(b). If
Z € (Q— (X UY))y, then since X € J, there is an S € J such that

XCSand SN(ZUY)=0.
Now, since Y € K, there is a T € K such that

YCTand TN(ZUS)=0.
It follows that SNT = 0, so that SUT € JK. Also, since

(XUY)C(SUT)and (SUT)NZ =1,

it follows that X UY € JK. This proves that J K C JK, so that JK = J K.

48 Example. It is usually not the case that (JK)* = J+ K, even for finite
sets Q. If @ =2 ={0,1}, My = {{0}} and Mg = {{1}}, then M;x = {{0,1}}
and My = {{0},{1}}. On the other hand, Jt = Jand K+ = K, so
Mg ={{0,1}} # Mgy

Recall the K-index of a Qg-invariant K is the smallest positive integer n
such that K™ = Og if it exists, and otherwise, we say K has infinite K-index.

49 Corollary. If Q is a class of ordinals and K € Qg, then K and K have
the same K-indez.

PROOF. By Theorem 47, K™ = K", so K" = Oqg iff K" = 0g iff K" =
0g. QED

The following reformulation of the above discussion gives a more complete
characterization of K-nilpotency:

50 Theorem. Suppose Q is a class of ordinals and K € Q. Then the
following are equivalent:

(a) K is K-nilpotent;
(b) K is not dense;
(C) Kt # 0g;

(d) There is J € Q such that J # 0g but JK = 0g;
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(e) K # 1g and M has no infinite pairwise disjoint subset.

PROOF. (a) = (b): If K is K-nilpotent, so is K, which implies that it is
necessarily proper, and hence K is not dense.

(b) = (c): If K+ = 0g, then K = 1, so that K is dense.

(c) = (d): Just let J = K+,

(d) = (a): Suppose X € J has n elements. If Sy, ..., Sy41 are in K, then
S1NX #0, ..., Spy1 N X # 0. If follows that there are 7,7 € {1,...,n+ 1}
such that S; N S; # 0. Therefore, K" = (), as required.

(a) = (e): Is clear.

(e) = (b): If K is dense and proper, then Q must be infinite, and by
Lemma 41(c), there is an infinite A-system {S,}n,<, € K with 0 as a root.
We may clearly assume that each S,, € M, but then this would be an infinite,
pairwise disjoint subset, as required. QED

=
=

As a consequence of the argument which showed (d) = (a), we have the
following bound on K-indices:

51 Corollary. If Q is a class of ordinals, K € Qg is K-nilpotent and
n=|| K|, then K" = 0g.

We next note that, even in the finite case, the bound to the K-index men-
tioned in Corollary 51 is, in some sense, the best possible.

52 Example. Suppose Q = n = {0,...,n — 1}, M is the Q-antichain
{{i} | i < n}. It can be checked that Ky, has only one minimal set, namely n
itself, and that the K-index of K/ is exactly n+1 = || Ky~ || + 1.

On the other hand, this bound may be strict:

53 Example. Suppose @ = 3 = {0,1,2}, M = {{0,1},{0,2},{1,2}}. It
can be checked that Kyt = Ky, so that 2 = || KT ||, but K3, = 0g, so that
K has K-index 2 < 2 + 1.

We now translate Theorem 50 into the language of groups. In keeping with
the above terminology, recall that the K-index of a group G is the smallest
positive integer n such that G* = G/ --- 7 G (n-copies) is X-cyclic if it exists,
and otherwise, we say it has infinite K-index. A group is K-nilpotent if it has
finite K-index; let KC denote the class of K-nilpotent groups. Note that if G is a
separable group of cardinality XN,,, then by Corollary 38, the K-index of G is at
most n + 1; and if G is almost Y-cyclic of cardinality W,,, then by Corollary 39,
its K-index is at most n/24 1. The next result follows easily from the definition:

54 Proposition. Suppose G is a group.
(a) If G € K and A is a subgroup of G, then A € K;
(b) If G is the direct sum of A and B, then G € K iff A and B € K;
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(¢) If G € K and H is any group, then Gy H € K.

The following gives a complete answer to the nilpotent version of Nunke’s
problem (at least for d,,-groups):

55 Theorem. If G is a 0,,-group, then the following are equivalent:
(a) G eK;
(b) K¢ is not dense;
(¢) Kot # Or;
(d) There is a group H of with ¢(H) > 0 but ¢(G 57 H) = 0;
(e) G is separable and Mg has no infinite pairwise disjoint subset.

PrOOF. Each part corresponds to a statement from Theorem 50. The only
small point to be considered is whether it is necessary to use the axiom of
constructibility to produce the group H mentioned in (d). This is, however,
unnecessary, since if G has K-index n, we need merely let H = G™~L. QED

The following is a direct consequence of Corollary 51.

56 Corollary. If G is a 6p-group, G € K and n = || Kg™* ||, then the K-
index of G does not exceed n + 1. Furthermore, in the constructible universe
(V=L),

27" =max{c(H) | G H is X-cyclic}.

PrOOF. Regarding the second statement, G 57 H is X-cyclic implies Kg C
Kgt, so that ¢(H) < 27", On the other hand, in V=L, we can construct a
group H such that Ky = Kg*, and for this H, ¢(H) = 27" QED

We conclude by showing that K is closed under other natural operations.

57 Corollary. Ifn < w, A and G are separable 0,,-groups and g : A — G
s an wy-bijection, then A € K iff G € K.

Proor. It follows from Corollary 17 that

{SeMs|SNR, =0} ={SeMz|5NR, =0}

From this, it can be seen that M4 has an infinite pairwise disjoint subset iff Mg
has an infinite pairwise-disjoint subset. It follows, then, that A is K-nilpotent
iff G is K-nilpotent. QED
We have the following Dieudonne-type result for /.
58 Corollary. Suppose A is a subgroup of the 0y, -group G and C' = G/A €
K. Then G € K iff A is contained in a pure subgroup B of G such that B € K.
In fact, if «(B™) =0 and c¢(C™) = 0, then ¢(G™T~1) = 0.
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PrOOF. Clearly, if G € K, then we may let B = G. Conversely, if we are
given the pure subgroup B € I, then by Theorem 20, K¢ C KgUK¢. Therefore,
if S1, ..., Sman—1 € Kg, then either m of these sets are in Kp or n of them
are in K¢. In either case, this means that they cannot be pairwise disjoint, so
that the result follows.

The last result can be sharpened if A itself is pure.

59 Corollary. Suppose A is a pure subgroup of the ép,-group G and C =
G/A € K. Then G € K iff A € K. In fact, if ¢(A™) = 0 and ¢(C™) = 0, then
C(an+n—1) = 0.
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