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Abstract. Given a finite pre-semifield (S,+, ◦), the dual pre-semifield (S,+, ∗) has multi-
plication a ∗ b = b ◦ a. In this article, a characterization is given of the dual pre-semifield in
terms of the associated spreads. This is then used to give a new proof that shows that self-dual
pre-semifield spreads when transposed and dualized construct self-transpose semifield spreads.
When the self-dual pre-semifield is actually commutative then the transpose-dual spread is
symplectic. We also give a spread-only description of the six semifields arising from a given
semifield.
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1 Introduction

Given a finite semifield (S,+, ◦), various related semifields may be con-
structed. For example, another semifield, called the ‘dual semifield’ (S,+, ∗)
may be defined by the multiplication a ∗ b = b ◦ a. Furthermore, if

x = 0, y = x, y = xM , for M ∈ SMat

is a matrix spread set for a semifield plane then

x = 0, y = x, y = xM t, for M ∈ SMat

where M t denotes the transpose of the matrix M , also gives a semifield. It is
mentioned in Johnson [4], that the spread arising from the dual space of the
associated vector space is isomorphic to this ‘transposed spread’. Actually, the
connection between transposed spreads and polarities of the associated spread
was recognized in a somewhat oblique manner. Given a derivable net D, let T
be a transversal to D, then there is a associated translation plane (the dual of
the dual translation plane constructed using Ostrom’s extension theory). On
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146 V. Jha, N. L. Johnson

the other hand, Bruen [3] developing the notion of an ‘indicator set’, realized
that the affine planes constructed using an indicator set were equivalent to those
obtained using the extension of a derivable net but the two spreads were related
by a polarity of the projective space. Since the two spreads were connected
by transposing the associated matrix spread sets as above, the connection was
then noted. The reader interested in the development of both of these methods
is referred to the Handbook [5], Chapters 49 and 50. These ideas also arise
in [1], [2], etc.

In this article, we first give a spread characterization of the spread arising
from the dual semifield as above. We call this the ‘companion spread’ of the
associated semifield spread S. We show that with semifield spreads of order pn

written over the prime field GF (p), the rows of an associated matrix spread
set are given in terms of linear transformations Ci of the n-dimensional GF (p)-
vector space. That is, we show that a semifield spread may be represented in
the form:

y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC3
...

wCn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p),

where w is an arbitrary t-vector and Ci are non-singular n × n matrices over
GF (p). The semifield corresponding to the dual semifield is then shown to be

x = 0, y = x

[
n∑
i=1

αiCi

]
, for all n-vectors x over GF (p), for all αi ∈ GF (p).

This characterization is another example of an algebraic construction con-
sidered strictly in spread-theoretic terms. We then show that beginning with
the spread of a (commutative) semifield spread

y = x[C1w
t, C2w

t, C3w
t, . . . , Cnw

t], (1)

where wt is an arbitrary column, is a general matrix for the matrix spread set
then the transpose-dual is symplectic as the matrices Ci are symmetric. The
transposed semifield field is

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC2
...

wCn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p),
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Spread-Theoretic Dual 147

which dualizes to

x = 0, y = x

[
n∑
i=1

αiCi

]
, for all n-vectors x over GF (p), for all αi ∈ GF (p).

The commutativity of the original semifield ultimately shows that Ct
i = Ci, and

this is equivalent to [
∑n

i=1 αiCi]
t = [
∑n

i=1 αiCi].

This result explicates the original result of Kantor [6]. These ideas also give
a spread description of the six semifields arising from a given semifield.

2 The Semifield Spread of a dual Pre-Semifield

Any finite semifield spread of order pn, for p a prime, may be written in the
form

x = 0, y = xM ,

for M in an additive set S of n×n matrices, including the zero matrix and such
that all non-zero matrices are non-singular, and where x and y are n-vectors
(considered as row vectors). The set of non-zero elements of S is a sharply
transitive set acting on the set of all n-vectors. Fix a row vector w0. Then given
any non-zero n-vector w, there is a unique matrix Mw that maps w0 to w.
Hence, there is a bijection between the set of all n-vectors and the elements
of S that maps the zero vector to the zero matrix. More generally, we have a
(pre)semifield defined by any bijection φ : V → S (which maps zero to zero)
in which multiplication has the form x ◦ w = xMw, where Mw denotes the
matrix φ(w). The translation plane π is regarded as being coordinatized by the
(pre)-semifield (V,+, ◦), as well as by the spreadset S.

The projection maps Ai that maps each matrix Mw ∈ S onto its i-th row
are, of course, linear. Thus we may regard each Ai as a matrix such that the map
w �→ Aiw coincides with the i-th row of Mw. Hence, the spreadset S coincides
with the set of matrices:

{Mw ∈ S} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
y = x

⎡⎢⎢⎢⎢⎢⎣
wA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors w (rows) over GF (p)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
.

Moreover, since the non-zero Sw are required to be non-singular, it follows that
the additive group generated by the matrices Ai, A = 〈A1, A2, . . . An〉 consists
entirely of non-singular elements (and zero), hence A is a spreadset. Actually,
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148 V. Jha, N. L. Johnson

this is the spreadset of the plane π′, dual to π, coordinatized by the pre-semifield
with multiplication w � x := x ◦ w. Letting x = (x1, x2, . . . , xn), we have

w � x := x ◦ w = x

⎡⎢⎢⎢⎢⎢⎣
wA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ =
n∑
i=1

xiwAi = w(
n∑
i=1

xiAi).

This means that the spread

x = 0, y = x(
n∑
i=1

αiAi), for all αi ∈ GF (p),

is the semifield spread given by the dual presemifield.

1 Remark. The translation plane coordinatized by the ’projected spread-
set’ A = 〈A1, . . . , An〉 of a given spreadset S is the plane coordinatized by the
dual of the plane coordinatized by the spreadset S.

Similarly, we may consider a partition of the spreadset S into its column
vectors. If a semifield is represented in the form

x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t], (2)

where x and w are row vectors. then the semifield spread for the dual semifield
is

x = 0, y = x[Ct
1w

t, Ct
2w

t, . . . , Ct
nw

t]. (3)

As before, we exclude the possibility that the matrix
∑n

i=1 ξiCi is singular unless
all ξ are zero. Thus, singularity implies the existence of a non-zero vector e such
that

∑n
i=1 ξie

tCi, which means the spread element Se =
[
C1e

t, C2e
t, . . . , Cne

t
]

is singular, a contradiction. Hence, the additive group 〈C1, . . . , Cn〉 forms a
spreadset C. We compute its connection with the (pre)-semifield (V,+, ◦) co-
ordinatizing the plane associated with the original spread S. Repeating the
previous argument, and letting � be the dual of ◦:

w � x : = x ◦ w
= x
[
C1w

t, C2w
t, . . . , Cnw

t
]

=
[
xC1w

t, xC2w
t, . . . , xCnw

t
]
,

=
[
wCt

1x
t, wCt

2x
t, . . . , wCt

nx
t
]
, since xtCiy are scalars, they may

be transposed,

= w
[
Ct
1x
t, Ct

2x
t, . . . , Ct

nx
t
]
.
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Spread-Theoretic Dual 149

and we notice that
[
Ct
1x
t, Ct

2x
t, . . . , Ct

nx
t
]
is the slope map of some element

of the spreadset generated by {Ct
1, . . . , C

t
n}, i.e. in the transpose spread of the

initial spreadset S. Thus, the slope Tw, for any w ∈ (V,+,�), coincides with
the slope map of the spreadset generated by the transpose of the spreadset
associated with the ‘column matrices’ for the initial spreadset S. This completes
the proof of the following theorem.

2 Theorem. (1) Let π denote a semifield spread of order pn written in
the form

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p),

Then the following is the semifield spread corresponding to the dual pre-
semifield of π.

x = 0, y = x(
n∑
i=1

αiAi), for all αi ∈ GF (p).

(2) Let the semifield spread be written in the form

x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t], (4)

then the semifield spread for the dual pre-semifield is

x = 0, y = x[Ct
1w

t, Ct
2w

t, . . . , Ct
nw

t]. (5)

3 Transpose and Dual Iterates

From the previous section, we recall that every semifield spread of order pn

may be written in the form:

(∗) : y = x[C1w
t, C2w

t, . . . , Cnw
t], (6)

for all n-vectors w, where C1, C2, . . . , Cn are non-singular n × n matrices over
GF (p). The transposed semifield spread then represented as

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC3
...

wCn

⎤⎥⎥⎥⎥⎥⎦ ;w a n-vector.
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We have shown in Theorem 2, that the dual of the semifield spread may be
given by

y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p).

These steps clearly also reverse. Hence, we have the following description of the
transpose and dual of a semifield spread (here ”dual” refers to the dual of the
semifield). This gives a spread-description of the six semifields arising from the
six permutations of the subscripts of the original method that Knuth used with
cubical arrays (see also the next section for ”cubical arrays”).

3 Theorem. Let S be a semifield spread of order pn. If D and E are semi-
fields let Dt, Ed denote the spreads corresponding to the transpose and dual for
the semifields D and E respectively. Then there are non-singular matrices Ci,
for i = 1, 2, . . . , n such that we have the following representations for the various
spreads.

S : x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t]⇐⇒ transpose

St : x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wCt

1

wCt
2

wCt
3

...
wCt

n

⎤⎥⎥⎥⎥⎥⎦⇔ dualize

Std : x = 0, y = x

(
n∑
i=1

αiC
t
i

)
, for all αi ∈ GF (p),⇐⇒ transpose

Stdt : x = 0, y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p),⇐⇒ dualize

Stdtd : x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC3
...

wCn

⎤⎥⎥⎥⎥⎥⎦⇐⇒ transpose

Stdtdt : x = 0, y = x[Ct
1w

t, Ct
2w

t, . . . , Ct
nw

t]⇐⇒ dualize

Stdtdtd = S : x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t].

Finally, we consider the connections between two representations of the same
spread:

x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t], (7)
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and

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p).

We have noted that

x = 0, y = x(
n∑
i=1

αiAi), for all αi ∈ GF (p),

represents the spread of the dual pre-semifield and we know that

x = 0, y = x(
n∑
i=1

αiCi), for all αi ∈ GF (p),

is also a spread, and it follows immediately that this is the ”transposed-dual-
transposed” spread of our spread. The question is, how are the two sets of
matrices {Ai; i = 1, 2, . . . , n} and {Ci; i = 1, 2, . . . , n} related to each other.

4 Theorem. If the semifield spread is represented both by

x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t], (8)

and by

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
cwA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p),

Then the ordered set of columns of Aj is the ordered set of transposes of the
j-th rows of the Ci for i = 1, 2, . . . , n. Similarly, the ordered set of rows of Cj is
the ordered set of of transposes of the j-th columns of the Ai, for i = 1, 2, . . . , n.

Proof. If Aj = [Dj1, Dj2, . . . , Djn], where the Dji are the columns of Aj ,

for i = 1, 2, . . . , n and Cj =

⎡⎢⎢⎢⎣
E1j

E2j
...

Enj

⎤⎥⎥⎥⎦, where Eij are the rows of Cj , for i =

1, 2, . . . , n. Then we obtain

[wDij ] =
[
Eijw

t
]
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152 V. Jha, N. L. Johnson

so Dij = Et
ij . Then Aj = [Et

j1, E
t
j2, . . . , E

t
jn], so the set of columns of Aj is

the set of transposes of the j-th rows of the Ci for i = 1, 2, . . . , n. Similarly,

Cj =

⎡⎢⎢⎢⎣
Dt

1j

Dt
2j
...

Dt
nj

⎤⎥⎥⎥⎦, and we have that the set of rows of Cj is the set of of transposes

of the j-th columns of the Ai, for i = 1, 2, . . . , n. QED

4 Self-Dual/Self-Transpose

In this section, we investigate the iterative process of transpose-dual of a
semifield spread with the initial assumption that the original spread is self-dual.

Again we recall that every semifield spread of order pn may be written in
the form:

x = 0, y = x[C1w
t, C2w

t, . . . , Cnw
t], for all w n-vectors (9)

where C1, C2, . . . , Cn are non-singular n × n matrices over GF (p), for all n-
vectors w and x. Now we apply Theorem 3, that shows the spread corresponding
to the dual pre-semifield is

x = 0, y = x[Ct
1w

t
1, C

t
2w

t
1, . . . , C

t
nw

t
1], for all w1 n-vectors. (10)

In particular if,

x ◦ w = x[C1w
t, C2w

t, . . . , Cnw
t], (11)

then ∗ defines the dual pre-semifield if

x ∗ w = w[C1x
t, C2x

t, . . . , Cnx
t].

Now assume that the spread obtained from the dual pre-semifield is the same
as the original spread then

x[C1w
t, C2w

t, . . . , Cnw
t] = x[Ct

1w
t
1, C

t
2w

t
1, . . . , C

t
nw

t
1], (12)

where the mapping w → w1 is a bijection. This means that {C1, C2, . . . , Cn} =
{Ct

1, . . . , C
t
n}, which we symbolize by {Ci; i = 1, 2, . . . , n}t = {Ci; i = 1, 2, . . . , n}.

If we now transpose and dualize, we see the corresponding spread is

x = 0, y = x

(
n∑
i=1

αiC
t
i

)
, for all αi ∈ GF (p),
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which shows that(
n∑
i=1

αiC
t
i ;αi ∈ GF (p)

)t
=

(
n∑
i=1

βiC
t
i ;βi ∈ GF (p)

)
.

In other words, the original spread is self-dual if and only if the transposed-dual
spread is self-transpose. Note that a semifield spread defines a commutative
pre-semifield if and only if it is ”individually” self-dual and a semifield spread
is symplectic if and only if it is ”individually” self-transpose (symmetric).

5 Theorem. [Compare with Kantor [6] in the symplectic case] Let (S,+, ◦)
be a pre-semifield (or semifield) of order pn defining a self-dual semifield spread.
Then take the semifield spread

y = x[C1w
t, C2w

t, . . . , Cnw
t] = x ◦ w; for all n-vectors w, (13)

where Ci is a non-singular n× n matrix.

(1) Then {Ci; i = 1, 2, . . . , n}t = {Ci; i = 1, 2, . . . , n} and Ci = Ct
i if and only

the pre-semifield is commutative.

(2) Transpose the matrices of the self-dual pre-semifield spread to obtain

y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC3
...

wCn

⎤⎥⎥⎥⎥⎥⎦
(3) Dualize to obtain the spread

y = x

(
n∑
i=1

αiCi

)
, for all αi ∈ GF (p).

Then note that(
n∑
i=1

αiC
t
i ;αi ∈ GF (p)

)t
=

(
n∑
i=1

βiC
t
i ;βi ∈ GF (p)

)
.

So, the spread itself is self-transpose. The spread is symplectic if and only
if the original spread is commutative.
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(4) Conversely, if(
n∑
i=1

αiC
t
i ;αi ∈ GF (p)

)t
=

(
n∑
i=1

βiC
t
i ;βi ∈ GF (p)

)
.

defines a self-transpose semifield spread then the dual semifield spread is

y = x

⎡⎢⎢⎢⎢⎢⎣
wC1

wC2

wC3
...

wCn

⎤⎥⎥⎥⎥⎥⎦
and the transpose of this spread is

y = x[C1w
t, C2w

t, . . . , Cnw
t]. (14)

Now define a multiplication by

x ◦ w = x[C1w
t, C2w

t, . . . , Cnw
t]

for all x,w n-vectors over GF (p).

Since {Ci; i = 1, 2, . . . , n}t = {Ci; i = 1, 2, . . . , n}, it is immediate that we obtain
a self-dual pre-semifield, which is commutative if and only if Ct

i = Ci.

Proof. Then simply apply Theorem 2 or Theorem 3. QED

Finally, we note that in our results, we have chosen a specific representation
for an initial semifield spread; either in row or column form. The column form
is best suited to determine if a semifield is self-dual and the row form is ideal if
asking if a semifield spread is self-transpose. Theorem 4 shows how to deal with
the opposite situation.

For example, if we have a representation

x = 0, y = x

⎡⎢⎢⎢⎢⎢⎣
wA1

wA2

wA3
...

wAn

⎤⎥⎥⎥⎥⎥⎦ , for all n-vectors x over GF (p),

and wish to determine if the semifield is self-dual or commutative, we note that
by Theorem 4 then Ct

j is the set of ordered j-th columns of the A1, A2, . . . , An.
Hence, the semifield is commutative if and only if the Ct

j = Cj and is self-dual

if and only if {Cj ; j = 1, 2, . . . , n}t = {Cj ; j = 1, 2, . . . , n}.
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