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Introduction

The basic work of Hérmander [12] and a number of results of other math-
ematicians (see, e.g., Andreotti and Nacinovich [1], Boiti and Nacinovich [3],
Braun [4], Braun, Meise, and Vogt [10], Meise and Taylor [13], and Meise, Tay-
lor, and Vogt [14,16]) showed that certain solvability properties of linear partial
differential operators P(D) with constant coefficients can be characterized in
terms of conditions of Phragmén-Lindelof type for plurisubharmonic functions
on the complex zero variety V' (P) of the symbol P. For a long time these condi-
tions could be understood in terms of the geometry of V(P) only for very small
dimensions n. Recently, a geometric characterization of Hérmander’s condition
was derived for polynomials in four variables in [6]. It is based on new necessary
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conditions for the local Phragmén-Lindelof condition PLj,. which reflect the fact
that Phragmén-Lindelof conditions are inherited by limit varieties. This effect
was used already in [12], but in [6] more refined limit varieties are considered.
The existence and properties of such higher order limit varieties at the origin
were derived in [5].

To extend these results for the local Phragmén-Lindel6f condition to global
conditions on algebraic varieties, one needs to know that such refined limit
varieties also exist in a global sense, approximating the given algebraic variety V'
in certain areas near infinity. To formulate this in a more precise way, let V' be an
algebraic variety in C" of pure dimension k, let v: C\ (B(0, R) U]—00,0]) — C
be defined by ~(t) = Zng - a;t7/7 as a convergent Puiseux series, and fix d €
]—00,1]. Then, as t tends to infinity, the algebraic varieties V; := t=4(V — ~(t))
converge in the sense that the currents of integration over V; converge to a limit
current 77, 4[V']. This limit current is either empty or a holomorphic k-chain, the
support of which is an algebraic variety. An explicit description of T, 4[V] in
terms of algebraic equations can be derived using canonical defining functions.
The behavior of the limit varieties is quite similar to the one of those defined
in [5]. In fact, also the proofs are very similar to those in [5]. One might think that
there should be an easy way to reduce everything to the results in the local case.
However, it seems that technical problems do not make it simpler. Therefore,
we have found it necessary to reuse the arguments given in [5]. However, once
the existence of the limit varieties is proved one can obtain the limit varieties
for an algebraic variety V by considering local limit varieties of a transformed
variety V.

The results of the present paper are used in [8] and [7] as basic tools to
characterize those P € C[z1, 22, 23] for which P(D) admits a continuous linear
right inverse on D'(R?), the space of all distributions on R? or on D/ (R?), the
space of all w-ultradistributions of Beurling type on R3. Also in [9], the results
are applied to characterize the algebraic surfaces in C™ on which the condition
(SPL), the analogue of the classical Pragmén-Lindel6f Theorem, holds.

1 Preliminaries about currents, k-chains, and con-
vergence

In this section we introduce the basic notions and facts which are needed to
introduce limit varieties and to investigate their properties. Most of the notions
are taken from Chirka [11].

We denote by N the set of positive integers and by B™(z,r) the ball {w €
C™: |w — z| < r}, where |-| denotes the Euclidean norm. The exponent n may
be omitted.
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1 Definition. An analytic variety in C" is defined as a closed analytic
subset of some open set  in C™. If V is of pure dimension k, its current of
integration [V] is defined by

V() = /V "

where ¢ is any C*°-form of bidegree (k, k) with compact support in 2.

2 Definition. A holomorphic k-chain in an open set €2 in C" is a locally

finite sum
W= ni[Vi]

where n; € Z and [V;] is the current of integration over an irreducible analytic
subvariety of 2 of dimension k. Recall that the support of W is equal to the
union of those V; for which n; # 0.

3 Definition. The following definitions are taken from Chirka [11], 10.1,
11.1., 12.1, 12.2, and 11.3. Fix an analytic set V' C C" of pure dimension k,
an affine plane L € C" of dimension n — k, and an isolated point z of V N L.
Then there is a neighborhood U of z such that the projection 7p,: U NV —
7 (UNL) C L along L is an analytic cover. Its sheet number in z is denoted
by pz(mLlv)-

The minimum of the sheet numbers (7 |y7) when L ranges over all (n—k)-
dimensional affine subspaces for which z is an isolated point of V N L is the
multiplicity p, (V) of V at z.

If D € C™is open and DNV NL is finite, then the intersection index ip(V, L)
is defined as

ip(V,L) = Y pu(mrlv).

weDNLNV
If W =377 n;j[Vj] is a holomorphic k-chain and DN LN Supp W is finite, then

i-(W,L) =Y njp(rrly,) and ip(W,L):= > iw(W, L).
7j=1 weDNLNSupp W

i,(W, L) is called sheet number of the holomorphic chain W in z.

If V is a purely k-dimensional algebraic subset or a holomorphic k-chain in
C™ with algebraic support and L C C" is an affine (n — k)-dimensional subspace
such that V' N L is finite and such that the projective closures of V' and of L do
not have points at infinity in common, then icn(V, L) is the degree of V.

4 Remark. Note that, in the setting of Definition 3,

pe(mrlv) = p(V)
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whenever L is an affine (n — k)-dimensional subspace of C" which is transversal
to V at z (see [11], 11.2, Proposition 2).

5 Notation. Let V' be an analytic variety of pure dimension k& in some open
set Q in C". For a € Q and p > 0 satisfying B(a, p) C 2 let vol(p, V,a) denote
the 2k-dimensional Hausdorff measure of VNB(a, p). If W = ). n;[V;] is a holo-
morphic k-chain with nonnegative n;, then vol(p, W, a) := >, n; vol(p, V;, a).

We say that a sequence (W) ;e of analytic varieties or holomorphic k-chains
in some open set {2 C C" has locally uniformly bounded volume if for all a € Q2
there are p, C' > 0 such that B(a, p) C Q and vol(p, Wj,a) < C for all j € N.

In order to define convergence of holomorphic k-chains, we recall first the
notion of convergence of a sequence of sets in a metric space (see Chirka [11],

15.5).

6 Definition. A sequence of sets (V) en in a metric space is said to con-
verge to a set V if

(i) V coincides with the limit set of the sequence, i.e., consists of all points of
the form lim,_.o x, where z,, € Vj}, for an arbitrary subsequence (j,),en
of N, and

(ii) for any compact set K C V and any € > 0, there is an index j(e, K) such
that K belongs to the e neighborhood of V; for all j > j(e, K).

7 Definition. (a) A sequence (7)) en of currents of bidegree (n—k,n—k)
on some open set  in C" is said to converge to the current T if T'(¢) =
lim;_,o Tj(¢) for each C*°-form ¢ of bidegree (k, k) with compact support
in Q.

(b) A sequence (W;);en of holomorphic k-chains in Q converges to a holomor-
phic k-chain W if

(i) the supports of W; converge to V := Supp W as subsets of (2 in the
sense of Definition 6, and

(ii) for each regular point a € V and each (n — k)-dimensional plane L
through a, transversal to V' at a, there is a neighborhood U of a such
that VN L NU = {a} and such that iy (W}, L) = iq(W, L) for all
sufficiently large j.

2 Existence of limit varieties

In this section we show that for algebraic varieties V' in C™ of pure dimension k,
d < 1, and curves v which tend to infinity and are given by certain Puiseux
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series, there exist limit currents. They are holomorphic k-chains for which the
support is an algebraic variety in C™. To do this, we will use the following
notions.
8 Definition. (a) A simple curve v in C™ is a map v: C\ (B(0,R) U
|—00,0]) — C™ for some R > 0 which, for some ¢ € N, admits a convergent
Puiseux series expansion

q—1
V() =St + Y &t gl =1,

j=—o0

where for a real number d < 1, t¢ denotes the principal branch of the
power function, i.e., t¢ = |t|%exp (id arg(t)), where —7 < arg(t) < m for
t € C\]—00,0]. The vector &y will be called the limit vector to y at infinity.

(b) For a pure k-dimensional algebraic variety V in C", a simple curve v, and
a real number d < 1 we let

Vii=Vyas:={weC:qt)+tweV}, teC\ (B0, U]-00,0]).

9 Remark. Note that V; is a pure k-dimensional algebraic variety in C".
The following theorem shows that the currents [V;] have a limit.

10 Theorem. LetV be a purely k-dimensional algebraic variety in C™, let
be a simple curve, and let d < 1. For the varieties V; defined in Definition 8(b),
the currents [Vi] converge to a limit current W as t tends to infinity in C \
|—00,0]. W is a holomorphic k-chain the support of which is an algebraic variety
imn C".

Most of this section will be devoted to the proof of Theorem 10.

11 Definition. Under the hypotheses of Theorem 10 we define

TyalV] = EE&[V;&]
and call it the limit current of order d along the simple curve ~. Furthermore,
T, .qV = Supp T, 4[V]

will be called the limit variety of V' of order d along ~.

To prove the theorem, we will show that the varieties V; have locally bounded
volume, so that they form a relatively compact family of varieties. Therefore,
the family of varieties will converge if we can prove that there is a unique limit
variety in C". This will be shown by studying the convergence of associated
canonical defining functions for V;. Lastly, it will be clear that the volume of
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the limit variety in a ball of radius r is O(r?*), so that the limit is algebraic by
Stoll’s theorem. The first step is to find a bound for the volumes of the V;. The
bound is given in the following lemma, which can be proved in the same way as
Lemma 3.4 in [5].

12 Lemma. Let V C C" be an algebraic variety of pure dimension k. Then
there are constants C, R > 0 such that

vol(p,V,a) < Cp**, |a| —p> R, a € C™
Moreover, there are Ry, rg > 0 such that for each simple curve v and each d < 1
vol(r, V;,0) < Cr?®

whenever t € C\ |—o0,0] and [t| > ro.

As in [5], Corollary 3.5, we get from Lemma 3.4, [5], Theorem 2.8, and the
Bishop-Stoll Theorem (see [2], [17]) the following corollary.

13 Corollary. For V, ~, and d < 1 as in Theorem 10 let (tj)jen be a
sequence in C\ ]—o0,0] that tends to oo.

(1) There exists a subsequence (t;,),en for which [Vi; | converges.

(2) If lim;_.[V;,] = W for some holomorphic k-chain W then Supp W is
either empty or an algebraic variety of dimension k. Further, the degree
of W is at most equal to the degree of V.

In the sequel we will complete the proof of Theorem 10 by showing that
there is a unique limit for the convergent subsequences of (V}j)jeN. That is,
there exists a holomorphic k-chain Wy such that lim;_,.[V;,] = Wy whenever
limy_, oo [V4,] exists for some sequence (¢;);ey in C\ |—00,0] tending to co. To
prove this, fix V' as in Theorem 10 and such a sequence (¢;);cn and assume that
W = lim;_, oo [V4,] exists. To describe W in a way which shows that it does not
depend on the sequence (¢;);eny we will study the canonical defining function
of V' as defined in Whitney [18], Appendix V, Section 7 (see also Chirka [11],
4.2). For that purpose we choose excellent coordinates for the varieties V and W
in the sense of [18], 7.7. This means that we assume that for C* = C"* x C*
the projection w: z = (2”,2') — (0,2’) is proper when restricted to V and W
and satisfies

2| < C(1+r(2)]), z€V,

2] < C(1+|x(2)]), =€ SuppW. (1)

In the remainder of this section we will assume these hypotheses, even when
they are not mentioned explicitly.
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Note that in the above situation the (n—k)-dimensional subspace C" % x {0}
is transverse to V' and Supp W. The existence of such a subspace L follows
from [11], 7.4 Theorem 2.

If B is the branch locus of 7: V — C¥, then B and n(B) are algebraic
varieties of dimension at most k — 1 and

7m: V\ B — CF\ n(B)

is a covering map. The number of points in a fiber over 2/ € C" \ 7(B) is the
degree of V. We denote it by m. Then we can write

7 ) = {(ai(2),2) 11 <i<m})

where the o;(2) = a;(2'; V') are all distinct. We will also use the same notation
for 2/ € 7(B) by repeating each «;(z') as many times as indicated by the sheet
number i,(V, L), where z := (a;(2'),2') and L := C" % x {2/}.

For u,w € C"7%, let (u,w) = uiwy + - + Up_pwp_p denote the standard
bilinear form. Then the canonical defining function for V is defined as

,2*§V7r:1n_1[z—04Z ),€). (2)
=1

We will write
P(z,8§) = P(2,&V) = P(2,§ V., m)

when the missing data are clear from the context. A point z belongs to V' if and
only if
P(z,£) =0 forall £ € C"F,

Equivalently, one can expand P as a homogeneous polynomial in &,

= ) Py(2)¢”

|8]=m

and then z € V' if and only if Pg(z) = 0 for all 3.

Note that P is a polynomial of degree m in z” and a homogeneous polynomial
of degree m in & € C"*. It is defined at first for 2z’ ¢ 7(B) but extends, by
the Riemann removable singularity theorem, to be analytic on all of C** x
CF x C"*. With the convention made about counting the points c;(z’) with
multiplicity when 2z’ € 7(B), the formula (2) is still valid.
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To express the canonical functions of V; in a useful form, write () =
(71(2),72(t)) where y2(t) = m(y(t)) and then

P(y(t) + tw, &) = H< +tdw"—a](72()+tdw’),§>
j=1
=" ] (" = B, 1),6) . (3)
j=1
where .

The last formula gives the canonical functions for the varieties V; with respect
to the projection 7 onto the 2’ coordinates up to the scale factor ¢™<.

The limit chain W of a sequence ([V;,])jen is not necessarily a current of
integration over an analytic set, so its associated canonical defining function
must take account of multiplicities. To fix the notation, let us suppose that

W =ny[Wi] + -+ ny[Wp] (5)
where the W; are the irreducible components of Supp W, and
W; = {(Ba(w), ) ' € CF1 < i < my} (6)
where m; is the degree of W;. Then
vi=mnimy+ -+ npymy (7)

is the degree of W, so v < m by Corollary 13. The canonical defining function
of W is then

p My

Plw,gW) = PlogWon) o= [T [0 = @)™ @)

j=1i=1

14 Lemma. The canonical defining functions P(z,&;V, ) and P(w,&; W, )
are polynomials. The total degrees of P(z,&;V, ) and P(w,&; W, ) are m and v,
respectively.

PrOOF. The function P(z,&;V,m) grows at the polynomial rate O(|z, &|™)
since by (1) each of the factors grows linearly. Therefore, the claim follows from
Liouville’s theorem. The proof for P(w, §; W, ) is completely analogous. QED
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The degree of a limit chain will frequently be smaller than that of V;. This
occurs when some of the §j(w’,t) go to infinity while the others converge to
points in Supp W.

The following lemma can be proved literally by the same arguments that
we used in the proof of [5], Lemma3.7. The main tool is Chirka [11], 12.2,
Proposition 2, which establishes the continuous dependence of the intersection
index of intersecting chains.

15 Lemma. Suppose lim;_.o[V;,| = W for some holomorphic k-chain W
in C".

(i) For all R,e > 0 there is ly such that for each | > ly and each w' € CF with
|w'| < R there are exactly v values of j for which the point (5;(w’',t;), w’)
lies in the e-neighborhood of Supp W.

(ii) For each R > 0 there is M(R) > 0 such that for each M > M(R) there
is lo such that for each | > ly and each w' € C* with |w'| < R there are
ezactly m — v values of j for which the |3;(w',t;)| > M.

(i1i) For each w = (w”,w") € C™ there is €y such that for each 0 < € < €y there
is lo such that for each | > ly the number of j with |5;(w') — w"| < € is
exactly equal to the sheet number of W in w, i.e.,

P
{7 18;(w', ) —w"| < €e}| = an [{i: Bjs(w) =w"}|  forl>ly.
j=1

This implies that for fized w' the (; can be numbered in such a way that
im0 B (W', t;) exists for 1 < j < v and |lim_, B;(w', ;)| = oo for j > v.
The sequence of functions w' — Bj(w',t;) converges uniformly on compact sets
(although they may have discontinuities).

In order to derive a description of W from the canonical defining function
P(-,-;V,7) of V we will use the following notation.

16 Definition. For d < 1, ¢ € N, and [ € Ny let p be a Laurent series in
the variable t1/9 with coefficients in Clwi, ..., wp, &1, ..., &]. Then p is called
d-quasthomogeneous in w and t of d-degree w if

p(A\w, Mt &) = \p(w,t,€), > 0.

It is easy to check that p is d-quasihomogeneous of d-degree w if and only if p

has the form
plwt,& = Y D ajpawtE,
J+d|Bl=w aeN}
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where 3 runs through Nj and j through a subset of %Z which is bounded from
above.

17 Remark. For P as in (2), v as in Theorem 10, and d < 1, let

F(w,t,§) = P(y(t) + w,§&V,m) = > a; 5ot w¢” (9)
J:Ba

where the sum is the Laurent series expansion of the holomorphic function
F(w,s%,£) in s = t1/9, w, ¢, where s runs through a neighborhood of co and
w through a neighborhood of the origin. Collecting all terms in (9) which have
the same d-degree, we can regroup the series as

F(w,t,§) = Fup(w,t,§) + Y Fu(w,t,€), (10)

w<wo

where F,, is the d-quasihomogeneous part of d-degree w of the series and
wo = wo(d, V, ) = max{w : F,, does not vanish identically}. (11)

Now note that for t € C\ (B(O, R) U ]—o0, O]) the quasihomogeneity property
implies F(t%w,t,&) = t“°F,, (w, 1,€) + 3 t“F,(w,1,¢) and hence

w<wo

T 0 P(3(8) + 4w, & V,m) = Jim 70 F (0, ,€) = Fly(w,1,6),  (12)

where the convergence is uniform on compact subsets of C* x C"*,

The following two lemmas can be proved in the same way as Lemma 3.10
and 3.11 in [5].

18 Lemma. Suppose that lim;_.[V;,| = W for a holomorphic k-chain W .
Then there is a polynomial ® on CF x C"* such that

FwO (Cllv Clv 17 f) = P(Cﬂv Cla 5; W)®(C/7 g)

for all ¢ = (¢",¢") e CPF x Ck, ¢ e C™F,
19 Lemma. Suppose that lim;_.[V;,| = W for a holomorphic k-chain W.
For each w' € CF the set {€ € C"F . ®(w',€) # 0} is open and dense in C"F.

20 Remark. We do not know any examples where the function ® actually
depends upon the variable w’.

The following proposition allows us to recover P(-,-;W) from F,,. Hence
it shows the independence of lim;_,.[V4,] from the sequence (#;);en and thus
completes the proof of the Main Theorem 10.
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21 Proposition. Suppose that lim;_,o[V;,] = W for some holomorphic k-
chain W. Let

Foo(w,1,6) = HF (w, &)A

be the decomposition of F,,, into powers of mutually nonproportional irreducible
factors. Let I be the set of all a for which there is w € C™ with Fy(w,&) =0 for
all £. Then there is ¢ # 0 such that

P(w,&W) =c[] Fa(w,§*, wecC",eC

a€cl

PRrROOF. Recall that F,,(w,1,§) = P(w,&§W)®(w',§) by Lemma 18. If a €
I, then F, must be a factor of P, since by Lemma 19 it cannot be a factor of ®.

For the proof of the other direction fix a such that F}, is a factor of P. Choose
w = (w”, w') € C" and & € C"* with F,(w, &) # 0. Consider F,(¢",w',€) as
a polynomial in C[¢"”,&]. Then it is a factor of

p mj

P(¢"w' &) = [T T = Bja(w), &)™

j=1i=1

In particular, there is a pair (j,4) such that (" — 3;:(w’), &) divides Fo(¢",w’, §)
in C[¢”,€]. Then F,(B3;,(w'),w', &) = 0 for all ¢ € C"* and hence a € I.

PROOF OF THEOREM 10. For each sequence (¢;);en in C\ (B(0, R)U]—o0, 0])
with lim;_,o ¢} = oo the sequence ([V},])ien has an accumulation point W by
Corollary 13(a). This accumulation point is unique and does not depend on the
sequence (t;);eny by Proposition 21. Hence W is the limit. Its support is either
empty or algebraic of pure dimension k by Corollary 13(b).

In [8] we will apply the following corollary of Theorem 10, which is obvious
from the proof of this theorem.

22 Corollary. Let V. C C" be an algebraic variety of pure dimension k,
let v be a simple curve, and let d < 1, R > 0, and a sequence (tj)jen in
C\ (B(0,R) U]—00,0]) satisfying limj_.oct; = 0o be given. Then the varieties
Vi, converge to T, 4V in the sense of Meise, Taylor, and Vogt [15], 4.3, as j
tends to infinity.

It is possible to determine the sheet number of T 4[V] at each point. This
provides a purely geometric description of T, 4[V]. If p is a polynomial in one
variable, we denote by ordg p the vanishing order of p at the origin.
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23 Proposition. Let w = (w”,w') be excellent coordinates for V and for
T, 4V asin (1). Forw' € C* set L,y :== C" % x {w'}. Forw € C" and € C"*
consider the polynomial py¢: T — Foo(w"” + 78w, 1,€), 7 € C. Then

iw(Ty,a[V], Ly ) = min{ordg pyg¢ : § € CrFy.

PrROOF. We start with the proof of “<”.
Choose & € C** with min{ordg py ¢} = ordg py ¢,- Assume for convenience
& = (1,0,...,0). By Proposition 21, p,, ¢, is a multiple of

p my
P(wy + 1wy, ... w3 W) = [ [J(wr +7 — 85 ('),

j=1i=1

where 53(',11') denotes the first coordinate of (3;; as in (8). The definition of f;;
implies that the order of this polynomial is not smaller than i, (75 4[V], Ly ).

To prove the converse inequality, use Lemma 19 to choose &, € C** such
that ®(w’, &) # 0 and such that (", &) # (w”, &) whenever (", w') € W and
¢" # w”. Again, we may assume &y = (1,0,...,0). Then

p My
Pugo(T) = Plwy + 7 w3, ... wn, €;W) = [] [[ (w1 + 7 — 817 (w')) (', &)
j=1i=1

This shows that ordg pw.e, = tw(Ty,a[V], L) for the special choice of &. The
proposition is proved. QED

Proposition 23 holds under the general hypothesis that the coordinates are
excellent for V' and for T, 4V (see (1)). When investigating examples, one wants
to be able to see from F,,, that a given system of coordinates is excellent. So
let us assume that the standard coordinate system is excellent for V', i.e., the
first inequality in (1) is valid. Then it is possible to define the canonical defining
function P(z,&;V, ) as in (2) and, for a given simple curve v and some d < 1,
the expansion of P(y(t) + z,&; V, ) into d-quasihomogeneous terms as in (10)
exists. Hence

Z:={weC": F,(w,1,6) =0 for all £ € C"*}

is defined, and the following holds:

24 Proposition. Assume that dim Z = k and that the standard coordinate
system is excellent for V- and for Z. Then it is excellent for T, 4V'. In particular,
Z =T, 4V and Proposition 23 holds in these coordinates.
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PROOF. Since(1) is inherited by subvarieties of the same dimension, it suf-
fices to show T, 4V C Z. So fix w € T}, 4V and an arbitrary sequence (t,)nen
with lim;_ . t; = oo. By Definition 6 there is a sequence (z,)nen such that
zn € Vyat, and limy, oo 2, = w. Fix { € C" k. Then

0=1t,“"P(y(t,) +tlz,,&V,m)
- Fwo(zna ]-aé-) + Z t(;L)_won(va 175) m} Fwo(w’ ]-aé-)

w<wo

Hence w € Z, and the claim is shown.

25 Definition. Let h be a Laurent series in t}/9 with coefficients in the
polynomial ring Clwy, ..., w,]. Fix d <1 and expand h into a convergent series

hw,t)= Y hy(w,t)

wEZ/q+dZ

such that h,, is zero or d-quasihomogeneous of d-degree w in w and ¢. Then for
wp := max{w : h, # 0} the term h,,, is called the d-quasihomogeneous principal
part of h.

If i does not depend on ¢ then the d-quasihomogeneous principal part of h
coincides with the principal part in the classical sense.

In the case of a hypersurface the vanishing ideal is principal, and its generator
replaces the canonical defining function as indicated in the next statement. Since
its proof is the same as the one of [5], Corollary 3.16, we omit it.

26 Corollary. Let p € Clzy,...,2,] and let V := {z € C" : p(z) = 0}.
Furthermore, assume that there is a dense open subset A of V' with grad p(z) # 0
for all z € A. Let v be a simple curve and set f(w,t) := p(y(t) + w). Ford <1
let fu, be the d-quasihomogeneous principal part of f. Then T, 4V = {w € C™ :
Juo(w, 1) =0}. Let Wy,..., Wy be the irreducible components of T., 4V, and let
n; denote the multiplicity of f., at an arbitrary regular point of W;. Then

N
Ty alV] = Z n;[Wjl.

If f defines the hypersurface V' geometrically without generating the corre-
sponding ideal (i.e., if f is not square-free), then it is still possible to determine
the limit variety T, 4V.

27 Corollary. Let A € Clz1,...,2,] and let V :={z € C" : A(z) = 0}. Let

v be a simple curve and define f(w,t) = A(y(t)+w). Ford <1 let f., be the d-
quasihomogeneous principal part of f. Then T, 4V = {w € C" : f, (w,1) = 0}.
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PROOF. Decompose Ain C[z1,. .., z,]. Thus A = AT"* - - - A" with mutually
nonproportional irreducible polynomials A;. Then r := A;--- A; satisfies the
hypotheses of Corollary 26, hence T, 4V = {w € C" : g,,(w) = 0} where g,,
is the d-homogeneous principal part of g(w,t) := r(y(t) + w). Let f;., be the
d-homogeneous principal part of f;(w,t) :== A;(y(t) + w). It is easy to see that
d-homogeneous principal parts are multiplicative, hence go, = f1,0, - - f1,0, and

_ £ my : :
Joo = fiw 1w~ Thus the zero sets of g, and of f,, coincide. QED

3 Properties of the limit varieties

It is convenient to record some simple properties of the limit varieties before
studying specific examples in Section 4. Invariance properties of T 4[V] are
studied in Proposition 29, while in Proposition 31 the influence of d is discussed.
The main tool in the proof of the latter is the Newton polygon.

In Proposition 35 we show how limit varieties can be interpreted as approx-
imations in conoids.

28 Definition. For an algebraic variety V' C C” let V}, denote the limit
cone at infinity, i.e., if V' denotes the closure of V' in P", then

Vi={2€C":(0:21:-+:2,) €V}
Here, homogeneous coordinates on P™ are written in the form (zg: 21 : -+ : 2p)
with the understanding that z € C" corresponds to (1: 27 :---: 2zy).

29 Proposition. Let V' be an algebraic variety in C". Let v be a simple
curve as in Definition 8 with &y as a limit vector at infinity, d < 1, and T, 4[V']
the limit current defined in Definition 11.

(i) If 3(t) is another simple curve and if 7(t) = v(t) + o(|t|%), then T 4[V] =
Ty.q[V].
(i) If d = 1, then T,V = V}, — &; more precisely, if j(w) = & + w, then
Je(T51[V]) = [Va].
(1ii) If d <1 and X € C, then w € T, gV if and only if w + Xo € T, qV'; or in
terms of the currents, if j(w) = w + Ao, then j.(Tyq[V]) =T, q4[V].

(iv) Ty 4V is empty if and only if for every relatively compact open set 2 € C"
there exists rg > 0 so small that the conoid with core 7y, opening expo-
nent d, and profile Q, with tip truncated at ro, then

T(v,d,Q,r0) = |J (v(t) + Q) (13)

has empty intersection with V.
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(v) If 4 is another simple curve such that y(]R1,00[) = F(]R2,00[) for some
constants Ry, Ry > 0, then T 4[V] = T5 4[V] for each d < 1.

PrOOF. Choose coordinates as in Section 2 and recall the canonical defining
function P(w,§) = P(w,&; V,m) associated to this choice of coordinates along
with the functions F' and F,,, as in (9) and (11). It follows from the hypotheses
about v and 4, (10), and the quasihomogeneity property of the F,, that

lim 70 P(3(t) + t"w, €) = lim t7P(y(t) + t*(w + 0(1)),€)

t—o00
= lim Fu((wto(1)),1,6)+lim Y 7 Fy((w+o(1)),1,€) = Fu(w, 1,6).
w<wo

Therefore, under the hypothesis of (i), wg and the function F,,, are unchanged
if v is replaced by 4. By Proposition 21 this yields (i).

To prove (ii), we can assume that y(t) = &yt because of part (i). Then
Vi={w e C":&+w e $V}, so [V is the translate of the current [1V] by
—&p. Consequently, the same is true of the limit varieties.

To prove (iii), Proposition 21 implies that it suffices to show that F,,,(w +
Xo,1,8) = Fu(w,1,€). By analytic continuation, it is enough to prove this

equation for A > 0. Set £ = t + \t? so that ¢t = £ — M 4+ o(#%). Then since d < 1,

Fluo(w,1,€) = lim £ <0 P(y(f) + tw, €

t—o00

= lim (2 4 o(2)) " P(y(t) + t\&o + o) + (t + o(t))"w, £)
= lim 70 P(y(t) + t%(w + Ao + 0(1)),€) + o(1)

= lim Fly(w + Ao +0(1),1,€) + o(1)

= Fup(w + Ao, 1,€)

so part (iii) is proved.

Part (iv) is a consequence of Lemma 15. The same Lemma and Proposi-
tion 21 show that T’ 4V is nonempty except when all the points (8;(w’,t),w’) €
V; diverge to oo as t — oo. From the definition of the 5’s in (4) we see that this
means exactly that V; has no points in any conoid I'(y, d, 2, 7o) with relatively
compact profile when rq is sufficiently large.

For the proof of part (v) let & denote the limit vector to « at infinity. Since

& = lim ﬂ

t=o0 [y(t)|”

the limit vectors of v and 4 coincide. We may assume &, = (0,...,0,1). Let
vn and 7, denote the last component of v and 7, respectively. Since both are
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injective, we can define p := v, !04,. Then ¥ = o p- Both have the same limit
vector, so it is immediate that lim; . p(t)/t = 1. Set F(w, t,§) := P(3(t)+w,§),
and let Wy be defined by (11), but with F' replaced by F. Then

Fy(w,1,6) = lim £ P(3(2),€)

. o\ _
- lim (—) P00 P((p(t), ) = Fug(w,1,). (14)
—oo \ p(1)
Since the right hand side does not vanish, this shows that &g > wg. Interchang-
ing 7 and 7 in the preceding argument, we conclude that wy = @y. Now (14)
completes the proof.

30 Remark. Part (iv) of Proposition 29 implies that 7%, 1V is never empty
and that T, 4V is empty whenever d < 1 and the limit vector of v at infinity is
not in V3.

31 Proposition. Let V be an algebraic variety in C™. Let m be its degree,
let v(t) be a simple curve as in 8, d < 1, and T, 4[V'] the limit current defined
in Definition 11.

(i) There are rational numbers 1 =dy > dy > --- > dp,, where 1 <p <m+1,
such that Ty 4[V] =Ty ¢ [V] whenever dy > d > d' > d;y1 for 1 <i<p or
dy>d>d.

We assume in the sequel that the set {1 =dy,...,dp} is minimal, i.e., that (i)
holds for no proper subset.

(i) If di > d > diy1, 1 <i <p, then T, 4V is homogeneous and nonvoid.
(i) If d < dy, then T, 4V is homogeneous or empty.
(w) If p=m+1, then T, 1[V] =T, 4[V] for 1 > d > ds.

PROOF. The proof relies on the Newton polygon for the function F' defined
in (9), i.e., of the series F(w,t,&) =) a;5awtIEY. Let M be the support
of that series, i.e.,

JBa

M :={(j,1) : qj € Z, 1 € Ny, ajp, # 0 for some 3 with |3| = and |a| = m}.
For § € R?\ {0} and b € R define the closed half plane
Hyp = {x € R?*: (z,0) <b}.

We call it admissible if § € [0,00[ x R and M C Hyp. The Newton polygon N
is the intersection of all admissible half planes. Note that all vertices of N are
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elements of M. In particular, if (j,1) is a vertex of N, then [ € Ny and [ < m by
Lemma 14. Hence N has at most m + 1 vertices and at most m edges between
them (plus two unbounded edges).

If we use the convention that the slope of a vertical edge is —oo, then we
claim that s € [—o0, —1] U [0, 00[ whenever s is the slope of an edge of N. To
see this, note first that (0,m) € ON. On the other hand, no point of N can be
strictly above the line through (0, m) and (m, 0), since the Puiseux series expan-
sion of v admits no exponent strictly exceeding 1. Hence the slope of the edge
through (0,m) cannot exceed —1. Since among the edges with negative slope
the nonhorizontal edge through (0, m) admits the largest slope, the intermediate
claim is shown.

Note that the slope 0 is obtained at the unbounded edges only, and let
1=d; >dy > --- > d, be an enumeration of

{1} U {—— : s is the slope of a bounded edge of N} .

Then p < m+1 is obvious, and if p = m+1, then there is no edge with slope —1.
For d <1 let wp(d) := wp(d,V,m) be as in (11). Then the line

OH (1.4, wo(@y = 1(J; 1) : j +dl = wo(d)}

has nonempty intersection with M. Fix ¢ with 1 < ¢ < p. Then there is a
pair (j(7),1(7)) (a vertex of the Newton polygon) such that M NOH (1 4, wy(a) =
{(j(i),1(7))} for each d € ]d;, d;+1[. Hence

Fwo w, 1 5 Z Z aj(d),B,aW 5 (15)

1BI=1(2) |a|=m

By Proposition 21 this shows the part of (i) dealing with d, d’ > d,,. The identity
(15) also implies that F,,;(w, 1, &) is homogeneous and thus so is T, 4V. If T, 4V
were empty, then /(i) = 0, since otherwise 0 € T’, 4V. However, the construc-
tion of the Newton polygon shows that then T), 4V = () for each d’ < d, thus
contradicting the minimality of the set {d,...,d,}. This completes the proof
of (ii).

To show (iii) and finish the proof of (i), fix d < dp,. Then again there is a ver-
tex (j(p),l(p)) of the Newton polygon such that MﬂaH(l d),wo(d) = 13 (), 1(p)}
for each d < dp. This shows the independence of T, 4[V] on d < d, and thus
completes the proof of (i). The homogeneity of T, 4V follows as before.

If p = m + 1 there is no edge with slope —1, hence the proof of (ii) applies
also in this case.

32 Definition. For V and ~ as in 31, we call the elements of the minimal
set {d1,...,d,} satisfying 31 (i) the critical values for v and V.
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The following result is a partial converse to 31(iii). We do not know whether
it also holds in the case of arbitrary codimension.

33 Corollary. For A € Clz1,...,2,) let V :={z € C" : A(z) = 0} and let
v be a simple curve. Let dy,...,dy, be as in Proposition 31. If 2 < i < p, then
T, 4,V 1s not homogeneous.

PROOF. Set f(w,t) := A(y(t) +w) and let fu,(w,t) = > 5 45-0, a; gt w’
be the d-quasihomogeneous principal part of f. The proof of Proposition 31
shows that it suffices to show that T, 4V is inhomogeneous if —1/d is the slope
of an edge of the Newton polygon. In that case, there are at least two pairs
(41, 1) # (j2,12) such that, for i = 1,2, j; + dl; = wg and aj, g, # 0 for some ;
satisfying |3;| = l;. Then f,,(w, 1) contains at least the terms aj, g,w’, i = 1,2.
Since they have different degrees, Corollary 27 yields the claim.

Finally, we show that limit varieties T, 4V approach V' like o(|z|%) in conoids
around 7 that open like |z|?, d < 1. This is analogous to the well known result
that V' approaches V}, like o(|z|) when |z| — oo.

For z € C™ denote the n-th coordinate by z, and the n-th coordinate of a
simple curve v by 7y,

34 Definition. Let v: C\ (B(0,R) U]—00,0]) — C" be a simple curve
satisfying v, (t) = t for all ¢, and let d < 1. Define

W, = {'y(t) +tla:t e C\ (B(0,R)U]~00,0]), a € Ty qV, an = o} .

The next result, whose proof is completely analogous to the proof of Proposi-
tion 5.4 in [5], shows that W, 4 approximates V of order d in conoids I'(vy, d, £2, )
as in (13).

35 Proposition. Let V' be an algebraic set in C™, let v be a simple curve

satisfying yn(t) =t for all t, let d < 1, and let  be a relatively compact open
subset of C".

(1) For each € > 0 there is R > 0 such that for each z € V NT(~,d,Q, R)
there is w € W, 4 with |z — w| < €|z|%.

(2) For each € > 0 there is R > 0 such that for each w € W, 4 with |w| > R
there is z € V with |w — z| < e|w|®.

The next result describes W, 4 using the map F,,, defined in (11). Its proof
is analogous to the one of [5], Proposition 5.3.

36 Proposition. For~y as in Definition 34 and each relatively compact open
subset 0 of C™ there is R > 0 such that W, 4NT'(v,d,Q, R) is a closed analytic
subset of I'(y,d, Q, R).
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More precisely, if F,, is as in (11) then

W"/ad mr(%d,Q,R)
= {w €el(v,d,QR) : Foo(w—y(wp),wn, &) =0 for all £ € (Cnfk} . (16)

4 Examples

In this section we provide examples to illustrate the results of the preceding
sections. To do this, we first indicate that the limit currents for an algebraic
variety V(P) with respect to a given simple curve 7 tending to infinity can
be obtained also as limit currents of an algebraic variety V(@) with respect to
a curve o tending to zero, investigated in [5]. Hence we can derive examples
from [5], Section 6.

If o is a simple curve in the sense of [5], Definition 3.1, i.e., a simple curve
tending to zero, if > 1, and if W is an analytic variety in a neighborhood of the
origin, then the limit current in the sense of [5], Definition 3.3, will be denoted
by Tg} s[W] and its support by T, sW. With this notation, we recall from [5],
Proposition 4.7 and Corollary 4.4, the following result.

37 Proposition. Let o be a simple curve in the sense of [5], Definition 3.1,
let W be an analytic variety in some neighborhood of the origin, and let § €
[1,00[. Then there are p € N and rational numbers 1 = §; < --- < §, such that
the following holds:

(i) 1:375[W] = T£75,[W] whenever §; < 6 < §' < djp1 for 1 <i<p ord, <o <

(ii) If 6; < 0 < i1, 1 <@ < p, then T£5W is homogeneous and nonvoid.
(iii) If 6 > 6, then TO ;W is either empty or homogeneous.
(iv) If W is a hypersurface, then TgﬁiW 18 not homogeneous for 2 < i < p.

38 Definition. (a) The numbers 1 = §; < §y < ... < J, are called the
critical values for o and W, provided that they are minimal with respect to
condition (i). Statements (ii)—(iv) hold if d1,...,d, are the critical values.

(b) For P € Cl[z1,...,2,] of degree m > 0 expand P = }77" P;, with P;
either homogeneous of degree j or identically zero and P, # 0. Then P, is called
the localization of P at the origin.

39 Proposition. Let P € Clzy,...,z,] be of degree m > 1, denote by Py,
its principal part, and let v: C\ (B(0,a) U]—00,0]) — C™ be a simple curve
of the form (v1(t),...,m—1(t),t), where limy_.ocv;(t)/t = 0 for 1 < j < n.
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Define G := {2 € C" : z, # 0} and : G — G, P(s) := s/s2, as well as
Q(s) :== s2mP(<I>( )) and o(1) := ®(y(1/t)), T € B(0,1/a) \ ]—00,0]. Then the
following assertions hold:

(a) ® is a biholomorphic map.

(b) Q extends to a polynomial Q € C[s1,...,sn] which has P, as localization
at the origin.

(c) o is a simple curve in the sense of [5], 3.1, satisfying lim,_oo(7) = 0.

(@) Ty.alV(P)] =17, 5[V(Q)] for d € ]—o0, 1].

(e) If 1 =dy > -+ > dp (resp. 1 = 61 < 02 < ... < §;) denote the critical
values for v and V(P) (resp. o and V(Q)) then p =1 and dj +0; = 2 for
1<j<p=L

PRrOOF. (a) This follows from ® o & = idg.
(b) We expand P = /", Pj, where P; is either homogeneous of degree j
or identically zero. Then

m

Q(s) = s2™P(s/s2) = 52 Z A P(s Zs me J)P ), seG.  (17)
=0

j=0

Therefore, Q is the restriction to G of the polynomial @ defined by Q(s) :=
>0 s2m=I) P;(s). If P; # 0 then s si(m_])Pj(s) has degree 2m — j. There-
fore, the localization of ) at the origin is P,,.

(c) This is easy to check.

(d) Note first that by (a), for each w € G also z := ®(w) is in G. This
implies

Q(z) = P(w)/w;™.
Next fix w € G, t € C, satisfying |¢| > max(a, |wy|), and d < 1. Then

®((t) + t"w)
= (t+ thw) 2 (y (1) + thw)
:t_2<(l+tw4um)_2—]n+1>(7@)+¢dw>
::t*QV(ﬂ-+td*2u;+-t*2((1—%td*1um)*2-1)(q(ﬂ-+tduo

o(1/8) + (1) (w+ (L + 7 ) 72 = 1) (1/6)* o (1/t) + w))

o(1/t) + (1/6)*~¢(t, w),

(18)
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where
o(t,w) =w+ ((1 + td_lwn)_2 — 1) ((1/t)2_da(1/t) + w).

Since d is smaller than 1, it is easy to see that
lim ¢(t,w) = w. (19)
t—o0

Next assume that the curve v admits the Puiseux series expansion 7(t) =
> %0 a;t(9=9)/4 for some ¢ € N. Then, for s € B(0,1/a) \ ]—o0,0], we have

= = q e — a+3)/
)= o= e = S o
Now let ¢ := 2 — d and expand, according to [5], Corollary 3.17,

Qo(s) +w) = Z i as? T = Z Gy (s,w) (20)
jeZ,aeN3 w>w1
where ]
w1 = w1 () = min{% + 6lal : bjo # O}
Similarly, we obtain from Corollary 27 that
P(y(t) +w) = Z cjﬂtj/qw“ = Z F,(t,w), (21)
JEZ,aEN w<wo
where

wo = wo(d) = max{% +dlal : ¢jq # 0}

Next we use (17), (18), (19), and the quasihomogeneity of the functions G,, to
get

P(y(t) + t'w) = (t + wn)*" Q((1(t) + t'w))
= (t+wa)*"Qo(t™!) +t°9(t, w))

= (t+wn)™™ D Gt t709(t w)) (22)
=t wa) D (1) Gu(1, ¢(t, w)).

Using the expansion (21), we get

P(y(t) + thw) = <0 ( 3 tW*MOFw(Lw)).

w<wo
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Combining it with (22) and using (19), we get

2m
Foy(1,w) = lim ¢~wo—wi+2m (1 + %) Gy (1, ).

t—o0

Since G, (1,-) # 0, this implies wp + w1 = 2m and F,(1,:) = G,,(1,-). By
Proposition 23 and [5], Proposition 3.14, this implies for d < 1:

TyalV(P)] = T3, 4[V(Q)). (23)
For d = 1 we get from Proposition 29 (ii) that
Ty1V(P) =V — & =V (Pn) — & for & := (0,...,0,1).
By [5], Proposition 4.2 (ii) and (b), we have
T2V(Q) = ToV(Q) — & = V(Pn) — &.

Since it is not difficult to interpret the previous equations in the sense of currents,
(23) holds for all d < 1, and the proof of (d) is complete.

(e) This follows from (d) by the Propositions 37 and 31, together with Corol-
lary 33. QED

40 Example. Define P € C [z, y, z] by
P(z,y,2) = y(a® — y?) —yz + 2
and let V = V(P). Then
Vi = {(z,y,2) € C3: y(z* —y*) =0}
and © := (0,0, 1) is a singular point of V}. Define v(t) := t©. Then we have
dy=1, dy=

and the following limit varieties:

Ty,aV = Vh, % <d<1,
TyaV = {(x,y,2) € C*: y(z* —y> — 1) = 0}, d:%,
TyaV = {(z,y,2) € C’ 1y = 0}, O<d<%,
T,qV ={(z,y,2) € C*: =y +1 =0}, d=0,

T%dV = @, d < 0.
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These statements can be obtained by constructing the corresponding Newton
polygon as described in the proof of Proposition 31. However, it is also possible
to apply Proposition 39 together with examples that we treated in [5]. Using
the notation introduced in Proposition 39, we have

Q(s,t,u) = t(s* — t?) — tu® + u°

and o(7) = (0,0, 7). Therefore, the assertions above follow from Proposition 39
and [5], Example 6.6. Since T, ; 5V has (1,0, A) and (—1,0,A), A € C, as singular
points, it is reasonable to define x(t) := (v/%,0,t),t € C\]—o0, 0], and to consider
Ty qV for d < % Using Proposition 39 and [5], Example 6.6 again, we get

TeaV = {(e,0,2) € €yl + 12—~ 1) =0}, d=3,
T&dV:{(J:,y,z)E(C?’:Qxy:O}, % <d<%,
TwaV = {(z,y,2) € C*: 22y + 1 = 0}, d:i,
TeaV =0, d< i

We could perturb the curve again, but this would not lead to new insights
as T, 1/4V does not have any singularities left.

Applying Proposition 39, a number of further examples can be derived from
the examples in [5], Section 6. We conclude this section with two more examples
which show how the results of the present paper can be used directly to compute
limit varieties.

41 Example. Define the polynomial P by
P(z,y,2) = x(z? — y*)(2* — 49°) — y(y* — 42H)z — 22 + 1.
Then for V := V(P) we have
Vi = {(2,9,2) € C°: 2(a® —y*)(2® — 4°) = 0}
and consequently
(Vi)sing N S? = {(0,0,1), (0,0, -1)}.

If we define v (¢) := (0,0, £t) for ¢t > 0, then we get the following limit varieties
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in C3:

N

AN

Wl W= o NI= Q,
AN
| =

TypaV ={(z,y,2)  a(a? - y*)(a® — 4y*) = 0},

IN
\')—‘

Ty aV ={(z,y,2) r 2(z® — y*)(2® — 4y°) £ y(y* — 427%) = 0},

T’Yi7dV = {('%3/7 Z) : y(y2 - 4$2) = O},

TV = {(z,y,2) 1 y(y* — 4a?) £ 1 =0},

QU Wl & o=

S8
A

Ty, 4V =0,

To prove these statements, note first that those on V}, are either obvious
or follow from a standard computation. In order to derive those on the limit
varieties, we use Corollary 27 in connection with the proof of Proposition 31. To
do so we expand P(y+(t) +w) and get as set M in the proof of Proposition 31:

M = {(0,5),(0,4),(0,2),(0,0),(1,3),(1,1),(2,0)}.

Hence the bounded edges of the Newton polygon N of M are the segments
[(0,5),(1,3)] and [(1, 3), (2,0)], which have slope —2 and —3. By Proposition 31
this implies
di=1, dy = 1 ds = E
1 ) @2 = 5, 43 = 5.
The equations for the limit varieties are obtained from Corollary 27 by grouping

the terms in the expansion according to their d-degree.

42 Example. As an example in higher codimensions we consider the ratio-

nal normal curve
Vi={(tt*t}) eC®:teC}.

The projection 7: (z,y, z) — (0,0, z) is excellent for V. Once all calculations
are completed, it will be obvious that 7 is also excellent for all limit varieties.
Let A be a primitive third root of unity and note that 1 + XA + A?> = 0. Some
computation shows that the canonical defining function of V' with respect to =
is

P(x,y,2,&mV)
= ((2.9) = 2,229, 6m ) ( (0, 9) = A2 0222), (€.m))

x ((2.y) = 021902209, (6,m)
= (2% = 2)& + 3a(zy — 2)&n + 3y(zy — 2)&n* + (v° — 2°)n’.
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We choose v(t) := (0,0,t) and determine F' as defined in (9).
F(x,y,2,t,§n) = P(y(t) + (2,9, 2), (§,1); V)
= (3 —2-t)3 4 3x(zy — 2 — )2+ 3y(xy — 2 — )N + (y° — 22 — 22t — ).
For M as in the proof of Proposition 31 we find
M = {(07 1)> (Oa 2)7 (Oa 3)7 (170)7 (17 1)7 (270)}'

Hence there are only two critical values, namely d; = 1 and d2 = 2/3. In the
case d = 2/3 we find

Foo(z,y, 2,1, 6,n) = 2363 + 322920 + 3y’ + (° — t2)n’.

For all other values of d the calculations are even simpler. We list all limit
varieties:

T, 4V = {(0,0)} x C, § <d<1,
TV = (0.0} x O U0} x O U{0.N)} xC),  d =,
T%dV = @, d< g

For d = 2/3, the three components of T, 4V are all simple. In the case 2/3 <
d <1, the only component has multiplicity 3.

We could interpret this result as a resolution of the singularity of V at
infinity. There are certainly some aspects where our work is connected to the
theory of resolution of singularities. Our emphasis, however, is on analytic limit
processes as in Theorem 10 and Corollary 22.

Note added in proof: The problems stated in Remark 20 and right after
Definition 32 are both solved in R. W. Braun, R. Meise, and B. A. Taylor:
Higher order tangents to analytic varieties along curves II, to appear in Canad.
J. Math..
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