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Introduction

It is well known that for any natural number m, the cardinal B-spline
N1 = X[o,1) %+ * X[o,1] (m + Ifactors) can be used as a scaling function to
construct orthogonal and biorthogonal bases of wavelets in L?(R), with different
properties (see for example [3], [8]).

But, in approximation theory for instance, other splines are also very popu-
lar: the deficient splines (see some recent results in [5], [9]). In the paper [1], one
can find a direct approach of the problem of the explicit construction of scaling
functions, multiresolution analysis and wavelets with symmetry properties and
compact support, involving deficient splines of degree 5 and regularity 3. Other
results can also be found in [6], [7].

The present paper is a continuation of [1]. It gives an explicit construction
of the dual basis of the deficient splines wavelets basis obtained in [1]. The dual
is also generated by two wavelets, which are deficient splines with symmetry
properties and exponential decay.

1 Definitions, notations, deficient spline wavelets
For m € N, the set of deficient splines of degree 2m + 1 is the set
Vo =1{f € Ls(R) : flpsny = P,k € Zand f € Cria (R)}.

For m = 1, it is the set of classical cardinal cubic splines. For we denote
it as the set of

‘ deficient quintic sp]ines‘
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and, in this note, we only consider this case.

In this section, we recall the explicit and direct construction of a Riesz basis
of wavelets consisting of deficient splines wavelets with compact support and
symmetry property of [1].

1 Proposition. The following functions ¢, andps

4—1—é 5 if x €10,1]
u(z) = —g@ =3 +3 -3 - B@—-3)° ifrell?]
¢ ~3—2)t+1(3—2) if ¢ € [2,3]
0 ife <0 orax>3
xt— 220 if x € [0, 1]
B %—gx—%)2+($—%)4 if v €[1,2]
2@ =9 (3 )t (3 ) ifz €23
0 ifx <0 orx>3

are respectively antisymmetric and symmetric with respect to % and the family

{pa(- — k), k€ Z} U{ps(. — k), k€ Z}

constitutes a Riesz basis of V.

For every j € Z we define

Vi={feL*R) : f(277.) eV}

2 Proposition. The sequence V; (j € Z) is an increasing sequence of closed

sets of L*(R) and
Avi={} Uvi=r'®
JET JEZ

Moreover, the functions @g, s satisfy the following scaling relation

®s(26) ®s(8)
= My(§)
Pa(26) Pa()

where My(&) is the matriz (called filter matriz)
—3i€/2 51 cos( )+ 13 cos(é) —9i(sin(§) + sin(%))
64

Mo(§) =
i(11sin(3 )—1—215111( ) —7COS(%)+9COS(%))

For every j € Z, we denote by W; the orthogonal complement of V; in Vj1.
Using standard techniques of Fourier analysis in the context of wavelets, one
obtains the following result.
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3 Proposition. A function f belongs to Wy if and only if there exists
p,q € L? , 2m— periodic such that

F(26) = p(©)B5(6) + a(€)Pal®)

loc?

and

Mo(f)W( Zgg >+M0(§+7r) W({—i—ﬂ)(ggi:i > =0 a.e.

where My is the filter matriz obtained in Proposition 2 and W () is the matriz

we=( 26 e )

with
B _ 23247 — 21362 cos & — 385 cos(2€)
14445 4 7678 cos £ + 53 cos(2€)
S - s 2
ws(€) l_Zoo [Po(€ + 2m))” = 21650
+oo - i
wm(&) = l;@ ©s(€§ + 20m)pa (€ + 2im) = ~Elo7E sin& (6910 + 193 cos§).

4 Theorem. There exists deficient splines wavelets with support in [0, 5]
and symmetry properties (with respect to 5/2).
More precisely, there exists real numbers

p§5)7q§3)7p§a)’q](a)’ 3=0,...,7

verifying

P =p Y == P =P =g, i=0123

such that the family {1s(.—k) : k € ZYyU{Ya(.— k) : k € Z} constitutes a Riesz
basis of Wy, where

7
= Zpg”e-“fm) + 3 Ve G (¢)

J'=0

Zp(a) —EG5(€) + Z ¢\ (a) e G,
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Explicit values of the coefficients can be found in [1]. It follows that the
family

(29/294(27. — k) : j, k € ZY U {20/, (20. — k) : j, k € Z} (")

constitutes a Riesz basis of L%(R) of deficient splines wavelets with compact
support and symmetry properties. The symmetry properties can be written as
follows

—

Da() = 5D (—E), Dal€) = —c TR (—E).

Here are pictures of ¢g, @4

2 The dual basis

The following result is classical in the context of frames and Riesz basis (see
for example [2], [4]).

5 Proposition. If f,, (m € N) is a Riesz basis of an Hilbert space H, there
exists a unique sequence g, (m € N) of elements of H such that < fp,, gr >=
Opm for every m,k € N. More precisely one has

gm:S_lfma m e N

where S is the frame operator

+oo

S:H—H f > <fifn>fn

m=1
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The sequence gm, (m € N) is also a Riesz basis and is called the dual Riesz basis
of fm (m € N). It also satisfies

+o0 +oo
F=Y <ffn>gm=> <Ffiom>fn
m=1 m=1

for every f € H.

Now, we want to give an explicit construction of the dual basis of the Riesz
basis (*).

But before doing so, let us install some notations and let us also briefly recall
some additional properties concerning the wavelet basis (*). We denote by Wy,
the matrix similar to W (see Proposition 3) but defined using the functions
Va, Ws instead of g, @s, i.€.

o wy () wy, . (E)
Wlo) = < on® o ©) )

where

+oo +oo
wy (§) = D [Wha(§+2m)7, wy (&) = > [1he(& +2m)?

l=—00 l=—

= —_
Wepa () = Y Ws(€ + 20m) g (€ + 2Im).

l=—00

These functions have the following properties.

5.1 Property. The functions wy,,wy,,wy, 4, are 2m- periodic trigonomet-
ric polynomials such that

Wy () 2 ¢>0, wy,(§) 2e>0, wy,(=§) =wy,(§), wy, (=) =wy,(§)

and
W, o (§) = —Wya (§) = Wy, (—E)
for every & € R. There are also A, B > 0 such that

A< det(Wy(€)) < B, VEER.

PRrooF. The proof is direct, using the support and the symmetry properties
of the functions 1,, ¥s and the Riesz condition satisfied by the basis (*). QED

Since the wavelets of different levels are orthogonal to each other (that is to
say, the spaces W; and Wj are orthogonal if j # j'), it suffices to consider one
scale (say, 7 = 0) to construct the dual. That’s the reason why we present the
construction of the dual as follows.
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6 Theorem. The functions 1’/;1,152 defined as

1(6) = 1(E)Bal®) + B (E)D(E), T2(€) = 2(€)Pal6) + Fal€)(€)

where
LTA(Y TG
O = gy MO = i)
(€)= Bl = ~6u(). (€)= #ﬁ@

are such that the family of functions
{23’/%(23'. k) i=1,2jke Z}

is the dual basis of the basis of wavelets (*).
ProoOF. First, we look for a function zbvl in Wy such that

<tal. = k), 01 >p2m= 0o and < y(. — k), d1 >12m=0

for every k € Z. Since {¢s(. — k) : k € Z} U{o(. — k) : k € Z} constitute a
Riesz basis of Wy, we look in fact for 2w-periodic and L120 . functions oy, 31 such
that

01(6) = () (E) + A1 (E)D(€)
and such that

< eiik'@, Ozﬂ@-i-ﬁﬂ/ﬁ; >pam)= 2mdor, and < e*ik@; 041@4—51@ >r2w)=0

for every k € Z. The last equalities are equivalent to

{ JoT e Eal(f)wwa () + Br(&wrpn 0, (©) ) de = 2mdon , Vkez

o7 (@@, 0 (©) + i@ @) de =0

hence also to

{ a1(§wy, (&) + B1(§)wiy,,pa (&) =1
a1(§)wy, w, (§) + B1(§)wy, (§) = 0.

Using matrices, this can be rewritten as

(e i) (ae ) -m@ (26 - (1),
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The solutions of this system is

( A1) ) _ 1 ( ~ Wi 0 (€) ) _ 1 ( Wiy, 5 (8) >
ai(§) det(Wy(§)) \ wy, (&) det(Wy(€) \ @y, (€)
We proceed exactly in the same way to find a function {/;2 in Wy such that

<WYa(. — k), >=0 and < ps(. — k), 12 >= o
for every k € Z. In this case, the final system is
@ 29)- (1)
W%f}(f) < as(€) 1o

which gives the solutions.
Since the spaces W; and Wj are orthogonal if j # j’, we obtain, for
g, 7' kK € Z:

< P22 — k), 2P (2~ K) >= 00
< 2/2,(2. — k), 271 (27— ) >=0

and
< 224 (20. — k), 27 Py (2. — k) >=0
<22 (20. — k), 22 (20 — ) >= 6,00
hence the conclusion. QED

7 Proposition. The functions 121,1;3 are deficient splines with exponen-
tial decay and symmetry properties (11, Vo are respectively antisymmetric and
symmetric relatively to 5/2).

PROOF. By construction, these functions are deficient splines. Their explicit
expressions in terms of the Fourier transforms of the wavelets ¥,, ¥, and the
form of the coefficients «;, §; give the exponential decay and the symmetry
properties.

Here are pictures of an approximation of the dual functions %b: , % (up to a
constant factor).
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