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In this paper, we introduce new continuous distribution called Biweight-
Akash distribution. This distribution derived by using the Akash distribution
and the Biweight kernel function. Several properties of Biweight-Akash dis-
tribution are studied such as the reliability and hazard rate functions, the
moments, Re‘nyi entropy. The maximum likelihood estimators of the un-
known parameter is derived. A simulation study is introduced for different
values of the parameter distribution. A comparison between the performance
of the new distribution and well-known distributions using a real data sets
are illustrated. The new distribution fits more than Exponential, Lindley
and Akash distributions.

keywords: Akash Distribution, Biweight kernel function, Moments and
entropy.

1 Introduction

The modeling and analyzing lifetime data are needed in many applied sciences including
social science, medicine, engineering, insurance, biology and many others. Many gener-
alization of new probability models were suggested for analyzing lifetime data. One of
them that used for modelling medical science and engineering data is Akash distribution
Shanker (2016). The Akash distribution is a mixture of an exponential distribution with
scale parameter [#] and gamma distribution with shape parameter 3 and scale parameter
with their mixing proportions 929—; and 922? respectively. The probability density func-
tion pdf and cumulative distribution function CDF of Akash distribution are defined as
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respectively,

93

f(@) = gL+ a?)e ™ 1)

and

(2)

Flz)=1- [1 + ‘WW} (b

02 +2

One of the symmetric kernels is the Biweight kernel function Hansen (2009). It is
defined as:

(3)

0:ul>1

K(w) = { L —u?)?:jul <1

In this article, a new continuous probability distribution is proposed for fitting real
data using Biweight kernel function and the Akash distribution. The suggested distri-
bution is named the Biweight-Akash distribution. The main motivation of this paper
is to generalize new probability distribution from the base distribution without adding
any new parameter that do more flexible in fitting the original one.

Many researchers generalized some distributions that have been studied and proposed
over years. Such as, the transmuted Janardan distribution Al-Omari et al. (2017). The
transmuted Lindley distribution by using the quadratic transmutation map developed
by Shaw and Buckley (2007) Umar et al. (2019). M.Al-khazaleh, Al-Omari, and A. Al-
khazaleh suggested the Transmuted Tow parameter Lindley Distribution Al-khazaleh
et al. (2016). AL- khazaleh (2016) used the transmutation map to generalize Burr
type XII distribution Al-Khazaleh (2016). Alkhazaalh and Al-Zoubi (2021) proposed
Epanechnikov-Exponential distribution using kernel functions . Al-Khazaleh and Al-
zoubi (2021) proposed Biweight-Exponential distribution using kernel function .

In this paper, we use the Biwight kerenel function to generate new distribution called
the Biweight- Akash distribution. The repose of this article is organized as follows: in
Section 2, we defined the pdf and cdf of the Biweight-Akash Distribution. Section 3
defines the Reliability Analysis of the new distribution. The Moment and generated
function is defined in Section 4. The Maximum likelihood Estimation are discussed in
Section 5. We have defined the Re’nyi entropy in Section 6. The Simulation Study is
stated in Sections 7. Finally in Section 8, Real data applications are mentioned.

2 Biweight-Akash Distribution

A random variable X is said to have Biweight Akash probability distribution (BWAD)
with its CDF of G(x) and the pdf of g(x) are obtained as follows respectively :
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F(x

)
G(z)=2 / K (u)du (4)
0

Where F(x) is the CDF of the Akash distribution and K(u) is the Biweight kernel
function. Now by substituting equation (2) and equation (3) in equation (4), we can
compute the CDF of BWAD as follows:

1 [14 220D -0

G(z)=2 / %(1 - u2)2du
0
% (1 _ [1 . 922213995} 6701>
Gla)= | ~3(1-[1+ Cgipe] o) (5)

5
2.2
+%<1 _ [1 + [ §2i§0$:| e—&x)

The derivative of the CDF of BWAD Equation (5) we can derive the pdf of BWAD
which is as follows:

g(x) =
—036_%%1—kx2)[15——16(1——6‘9m(14—a§12?0))2—%8<1——6_9m(1%—a§i;gﬂ>>4]

8(2+ 62)

Figure 1: The CDF of BWAD
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Figure 2: The Pdf of BWAD

Figures (1) and (2) show the plot of the CDF and pdf of BWAD for different values
of 6 = 0.2, 0.5, 0.8, 1, 3 respectively.
3 Reliability Analysis

The Reliability Function is a central component of reliability investigation, and can be
defined as the complement of the CDF as follows Forbes et al. (2011).

R(x)=1-G(z) =
3
2.2 _ 2,2 _
% (1 _ [1 40 ;gzigesc} e 9x> _ %(1 _ [1 40 95213%} e 6:(3)
5
+%(1 _ [1 + 02§§i§0$:| 67036)

The survival function of the BWAD with for different values of the hazard rate function
h(x) of the BWAD is given by:

1—

h(@) = 23 =

(
{—03e*01(1+x2) {15-16(1—«791 (140221000 )) g (1 0z (14 C22t0) ))4H

246 2+02
8(2+92){1— {(1_ [14-92?;;7139“3] 6791) {%_<1— [1+92§§7E“]6791)2 {%-s—% (1— [1+62§73M] e*t‘?z)z] }] }

The reversed hazard rate function (RH) of BWAD can be obtained as follows:

RH = g(x) —

G(z
{—03(1+z2) [15—16(1—6791 (14022100 )) g (1m0 (14 C22Eb0) ))4”

O T e | e R == B

~
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The cumulative hazard function of BWAD is calculated as follows:

ch.f=—-Inl -Gx)] =

In (1 _ [1 + Lgiﬁf’f} e—"x)
(1 _ [1 n 0353%} e—99:>71
- 4o %5 ( [ L8 3213%} 6791/‘)2
\ L G- e s ey’

While, The Odd function O(x) of BWAD is calculated as follows:

O(x) = ¢z

S o (Tt T Nl
Gl s (R =R )

4 Moment and generated function

In this section, the ** moment of the BWAD is derived. Also, the mean, variance, coeffi-

cient of kurtosis, coefficient of skewness, coefficient of variation, and moment generating
function.

4.1 Moments

Theorem: The r moment of the BWAD random variable is given by:
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Proof: by using the definition of the 7" expectation E(z f 2"g(z)dx and by using

oo
gamma function {xr_le_”dx = Ff:) and I'(r) = (r — 1)!,we have:
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Then, by some simplification, the proof is done.
Remarks: For r=1 in (7), we have the mean of BWAD:

E(X) =

702 4 42 + 121500104-78488684-4613046° +3697680*+552960*+552960° +45542402+30720
72902(62+2)*
} _2028015+30560013+1957920114+3104466°+158000267 +10909566° +1689606°+506520
102405 (92 +2)*
81250000° +68750000013 4230375000011 4-40909900060° 461394360067 +-6384395206°
+
102465 (62+2)"

The second moment can be computed by substituting r=2 in (7), we get:

B(a?) = !

11664 x 1010(2 + 62)°62
—132415187887692806 + 4822990848 x 10°6 — 2634031410621275756°
459904 x 10193 — 1975976870135862500* + 25344 x 10145
—6587259235875000005 + 3456 x 101497 — 808174341 x 1070% + 409617 x 108'°

The variance of BWAD is defined as follows:

Var(X) = E(X?) — (B(X))?

-1
(15116544 x10'862(2+62)")

334061077492352 4 768 x 10116 4 87194595508535002+

11136 x 10063 4 8277727808018750* + 5376 x 10196°+

3376912801500000° + 864 x 101007 + 5373459 x 1076% 4 17091 x 108910
—132415187887692806 + 4822990848 x 10%6—
26340314106212757502 + 59904 x 10193 —

—1296 x 10%(2 + 62)° | 1975976870135862500 + 25344 x 101195~

658725923587500006° + 3456 x 101167 — 808174341 x 10748
+409617 x 108910

var(z) =

4.2 Coefficient of Variation
The coefficient of variation (CV) of the BWAD is defined as:
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CV =

=19

702 4 42 + 12150010 +784886% +4613040°+3697680* +5529604+5529603 +45542460° 430720
72902 (62 +2)*
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102405 (92 +2)*

[ 762 4 12 4+ [7776612+83052010+3719160%+14494720°425999366* +227737662+92160)
i 218702(62+2)*

4963846013 + 4269056011 + 148336166° + 2616426467 + 258733600°
4 +51609600% + 11017472

63 6553665 (02+2)"
37187500010 ++ 2017500000% + 77709275605 + 14435930240* ]

46000000003 + 284445014462 + 253212800
48828125602 (62 +2)*

CU = —=

12150010 + 7848868 + 4613046° + 3697680* + 5529664

2 +552960° 4 4554246% + 30720
0% +42+ 72902 (02+2)*

20286015 + 30560603 + 19579260 + 3104466 + 158000267

+10909566° + 16896003 + 506520
102465 (62+2)"
8125000015 + 68750000013 + 23037500001 + 4090990006°

+61394360007 + 6384395200°
T 102405 (02+2)*

4.3 Moment Generating function

The Moment Generating function (MGF) of a BWAD can be defined as:

2+62

tx +8<—1+e*9:v <1+%)>4
:/6 8(2+6?)

2
15— 16(—1 + et (1 + M))

dx

By computing the integral using gamma function and make some manipulation algebra
we have the MGF of BWAD as follows:
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63 !
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2 (46—t)3 (46—t)°
420 (46—-1) (12805+2246°)5!  (3269+1446%)6! | (966°44807+192)7!
(6242)° (6242)(46—t)° (6242)(46—1)° (6242)2 (460—t)7
n (86°)a8!
L (0242)(40—-1)" ] :
7 5 3, (14263+966°+1607+1280)  (19262+406%+32)
460" 4+ 1660° + 166° + 127 (00 e
(2560°+800°+640)3! (30064+3680%+4005+27062)4!
41 (0242)(50—t)° (6242)° (50—t)*
(50—t) +(60805+14497+38493)5! (35205+4008+41604)6! | (11207+26365)7!
(02+2)%(50—t)° (02+2)*(50—t)° (02+2)%(50—t)"
I (2068 +12805)8! (3207)9! (468)10!
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5 Maximum likelihood Estimation

The Maximum likelihood Estimation is one of the main methods to estimate the pa-
rameters of the distribution. We have x1, xs, ..., x, are independent random variables
distributed symmetrically and the pdf function is g(x;€) and the distribution parameter
is unknown 6, we can write the density function as a product of g(z;6) number of n
times Millar (2011). It can be written as follows:

L(Q\Z’l, Ly eeeen xn) = H?:l g(l’i; 0)

2
(921._2 —G:Ei 92J3'2€79Zi+29$'6791i 2 2.2
1—TZ+<6 + S (6% + 6%z;2)

— . 150e—9%4 —Ox: 92$i28701i+29$i6701i 3 9 9 9
B H 2(60%+2) —<€ + 9219 ) (9 + 0%z, )

4
X 2...2,—0x; Le—0z;
-i-%(e_@zl + 0°x;“e +260x;e ) (02 + 02371'2)

@
I
—

0242

n

2
0242 P 021207 4 201 c—07;
1- 555 + (e bri 4 Ctee o Hme ) (07 + 0%2°)

n =03 2. 2,—0z; —0z; \ 3
L= (2(012522)> e i=1 _(efezi + 0x;“e” "Ti420xe z) (92 +92$i2)

0242

4
1 —0z; 02z;2e=9%i 4+ 20x;e— 0% 2 2.2
+1(e + LR (0% + 622;2)

This equation is called the probability function MLE that must be maximized, the
probability function L(6) with respect to an indeterminate parameter that is difficult
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for us to maximize, so we resort to the natural logarithm of both sides of the previous
equation, so become:

L=(L©®) =[] g(z::0) = > In(g(x::0))
=1

It is necessary to note that Inx is a monotonic incrementing function, so the maximum
value of the log probability occurs at the same point as the original probability function,
so we resort to using the simpler log probability instead of the original probability.

l=In(L) =nln(L2) +nln(9) — nln(6* + 2)
1 0z (eﬂ%:z’ + 92%26’0”-5-29%6*9”)2 (6% + 6%z;2)

2 62+2
n n 3
2,..2,—0x; o—0x;
—0 g . T, +n g . In| — (e—ezi 4 0°xi“e 621%0@6 ) (92 + 921'1'2)
1= 1= 4
X 2,..2,—0x; o—0z;
_i_%(e—ﬁwl + 0“x;%e 9213933“3 ) (92 + 92$i2)

By taking the partial derivative with respect to 6, we have

20n  _ 3n __
0242~ 6 -
32e 0% (2,2 +1)0° + 2(2;% + 2)0% — 4(x;2 — 1)0 + 22,6 + 62,67 — 4a;]
" 2¢O _ 92 4 g2e—0ri 4 1:1-2926_9“ + 2.%‘1'96_9“*
i i 9 _ (26—9x — 02 4+ 020 4 220207 4 940 0Ti — 2)3
T, —n
= i=1 (02+2) {15—16(1—6*9% (1+791i2<i§§”>))2+8(1—e*9zz‘ (1+791i2(fg§”>))4}

This equation can be solved numerically by equating it with zero.

6 Distribution of Order Statistics

Ranking statistics are one of the important things in the fields of statistical theory,
demand statistics for a random sample z1, x2, ....., z,, and the pdf g(x) and CDF G(x),
The values of the placed sample are in ascending order and are as follows

The pdf of the K" Order statistic, for 1 < k < n,

() = G @ F@) 0= P
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— 307 (1+22) {15—16(1—6*‘“ (1422t >>2+8 (1-em0v (14 L22te) ))4}

(%11 8(2107)
[ 15 (1 _ [1 4 02x2+20x:| 6—650) _ 2(1 _ [1 I 022:24-2027} e—ex)?’ i
8 6242 3 0242
gel@) = < 0202420z | 02"
I +5(1— [1+W}6 )
3 qn—k
2 2,.2
. 1— % (1 [1 + [% z i§9$:| e—@x) + %(1 _ [1 + [% z2i§9$:| 6—9:0)
5
2,.2
I _%(1 _ [1 + [ 32i§9x:| 6791)
The PDF of the minimum of BWAD is:
[ —03c0%(1442) {15—16(1—591 (1+7‘”<2+9’”>))2+8(1—e*9z (1+79’”2(2j9§z))>4}
" 8(2+62)
g1 (.CE) = - 3 an—1
. _ %5 (1 _ |:1 4 9222139$:| 679:):> 4+ 2 (1 _ |:1 4 92§§igexj| 679:13)
5
2,.2
I _%(1 o [1 + 0 52139@‘} 670:1:)

The PDF of the maximum of BWAD is:

—03e=07 (142?) {15716 (1-em0n (14222 tge) >>2+8<1—e—91 (14224 ge) ))4}

2462
! 8(2+02)
gn(m) - r 2,2 2,.2 3 n—1
X LSS (1_ [1+995271301} 6_%) —%(1— {14_%} e—ez)

1 02224202 | —0z)"
_+3<1—[1+W}6 m)

7 Rényi Entropy

Entropy is an important and fundamental concept in information theory because it is
a measure of randomness and uncertainty in the probability distribution. There is also
more than one definition of entropy, but it is often not suitable for all applications
equally.

By Rényi (1961) Define what he called R‘enyi Entropy, which is the most general concept
of measures of information to be preserved and combined with the axioms of probability,
the Renyi entropy is given as follows:

1

En =
R 1_p

In / W@, p>0,p#1
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= [3pIn(0) + pIn(8(2 + 62))] )
p P 6p—2
X N N 5 G (D) (asasanes) ) @) (53

1k=0>"a;=2p—2k> bi=4p > c;=p

2)4p—l<:+a1 +aq+as (_ 1)2p+a5 +ag+bs+bg (15)]9—1' (0)2@2 +2a3+aqs+2a6+2bo+2b3+bs+2bg
I'(2a3+a4+2bz+bs+2c2+1)

((p+a1+az+az+as+b1+by+bs+by)g) (223 Faat2b3+bat2e+1)

8 Simulation Study

In this section, we studied the behavior of the MLE of the BWAD parameter using the
R software program R Core Team et al. (2013) to run a simulation study, in which we
generate 1000 samples from BAD distribution with different simple sizes, which are =
30, 80, 100, 200, 500, with = 0.5, 1, 2, 4, 6, 9 We have also calculated the mean absolute
space 0, which we define according to the following relationship Bias, the mean squared
error of the MSE estimates MSE, and the average relative estimates MRE by Davis
(1975). The result is shown in the Table 1 below.

By studying the results, we note that the values of Bias, MSE, MRE, decrease when
the sample size increases, and therefore, the MLE property maintains the consistency
property of all parameter values. As the values of increase, each of the following values
increases Bias, MSE, MRE

9 Application

In this section, we used three different data set to compare the goodness of fit of the
following distributions [using program mathematicall:

Exponential distribution

Lindley distribution

Akash distribution

Biweight-Akash distribution

One of the most widely used techniques in statistical modeling is the Akaike Information
Criterion (AIC). The first criterion for choosing a model for global approval is defined
as follows Cavanaugh and Neath (2019):

AIC = —2InL + 2k (8)

where k is the number of parameters.
The Akaike information criterion (AIC)was introduced by Akaike (1973, 1974). The AIC
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Table 1: Simulation results of BWAD for different sample size and different parameters
values

N =05 6=1 60=2 6H=4 0=6 0=9
6 1.95592 2.35480 2.75303 3.55169 6.44541 9.60678

30 Bias 0.04408 0.14520 0.24881 0.47765 0.87614 1.25212
30 MSE  0.02718 0.11126 0.22446 0.53397 1.36632 2.64611

30 MRE 0.02204 0.05808 0.08294 0.11941 0.12516 0.12521

80 0 1.99325 2.45054 2.87090 3.68429 6.48620 9.52736
80  Bias 0.00675 0.04953 0.12970 0.32057 0.64728 0.95339
80 MSE 0.00423 0.03886 0.11891 0.35255 0.85176 1.62386
80 MRE 0.00338 0.01981 0.04323 0.08014 0.09247 0.09534

100 6 2.00000 2.49684 2.98083 3.88899 6.60261 9.56284
100 DBiea 0.00000 0.00316 0.01917 0.11101 0.41367 0.58617
100 MSE 0.00000 0.00250 0.01660 0.11459 0.48264 0.77250
100 MRE 0.00000 0.00126 0.00639 0.02775 0.05910 0.05862

200 6 2.00000 4.50000 2.99830 3.98679 6.816565 9.69780
200 Bias 0.00000 0.00000 0.00170 0.01321 0.18384 0.34227
200 MSE 0.00000 0.00000 0.00145 0.01330 0.19259 0.36306
200 MRE 0.00000 0.00000 0.00057 0.00330 0.02626 0.03423
500 6 2.00000 2.50000 3.00000 4.00000 6.98912 9.89421
500 Bias 0.00000 0.00000 0.00000 0.00000 0.01088 0.10608
500 MSE 0.00000 0.00000 0.00000 0.00000 0.00891 0.10122

500 MRE 0.00000 0.00000 0.00000 0.00000 0.00155 0.01061

is unbiased estimator when the sample size is big and the dimension of the candidate
model is small. Hurvich and Tsai (1989) suggested the corrected Akaike information
criterion (AICC) for the cases when there is a negative bias, which is Cavanaugh (1997):

2%(k +1)

AIC’C:AIC%—nikil

9)

where k is the number of parameters and n is the sample size.
The Bayesian Information Criterion (BIC) is used for selecting statistical models, which
is given by Neath and Cavanaugh (2012):

BIC = —2In(L) + kin(n) (10)



Electronic Journal of Applied Statistical Analysis 359

Based on parameter estimate, -2logLik, Akaike Information Standard (AIC), Akaike
Information Criterion Corrected (AICC), Bayesian Information Criterion (BIC). The
results are shown in Table 2 for first dataset, Table 3 for second dataset and Table 4 for
third dataset.

The first dataset: This data set is obtained from Smith & Naylor and represents the

strength of 1.5 cm of fiberglass tested at the National Physical Laboratory in England
Smith and Naylor (1987)
0.550.93 1.25 1.36 1.49 1.52 1.58 1.61 1.64 1.68 1.73 1.81 2 0.74 1.04 1.27 1.39 1.49 1.53
1.59 1.61 1.66 1.68 1.76 1.82 2.01 0.77 1.11 1.28 1.42 1.5 1.54 1.6 1.62 1.66 1.69 1.76 1.84
2.24 0.81 1.13 1.29 1.48 1.5 1.55 1.61 1.62 1.66 1.7 1.77 1.84 0.84 1.24 1.3 1.48 1.51 1.55
1.61 1.63 1.67 1.7 1.78 1.89

Table 2: Exponential, Lindley, Akash, BWAD goodness of fit test results for the first

data
Distribution 6 2loglik AIC  AICC BIC
ED 0.663647 177.66 179.66 179.73 181.80
LD 0.096116 162.56 164.56 164.62 166.70
AD 1.355444 163.72 165.73 165.79 167.87
BWAD 0.439288 41.17  43.17 4324 45.31

Empirical Distribution Function

1.00

075

colour
050 BADF
ECDF

0.25

0.00

X

Figure 3: The Empirical CDF against the CDF for BWAD
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The second dataset: Birnbaum and Saunders Birnbaum and Saunders (1969) re-

ported data for 6061 fatigue life with T6 aluminum stamps cut parallel to the rolling
direction. It revolves at a speed of 18 revolutions per second. There were 101 observa-
tions in total, with a maximum pressure per cycle of 31,000 psi. After removing 65, the
data (*10-3) is shown below.
525 31 32 34 35 38 39 39 40 42 43 43 43 44 44 47 47 48 49 49 49 51 54 55 55 55 56 56
56 58 59 59 59 59 59 63 63 64 64 65 65 65 66 66 66 66 66 67 67 67 68 69 69 69 69 71 71
72737373 74747676 7777 0T 7T 77 777979 80 81 83 83 84 86 86 87 90 91 92 92 92
92 93 94 97 98 98 99 101 103 105 109 136 14.

Table 3: Exponential, Lindley, Akash, BAD goodness of fit test results for the second

data
Distribution 6 2logLik AIC AICC  BIC
ED 0.014635 1046.87 1046.87 1046.91 1049.48
LD 0.028859 985.11  985.11 985.15  987.71
AD 0.043876 950.97  952.97  953.01  955.58
BWAD 0.009849 822.49  824.49 824.53  827.09

Empirical Distribution Function

1.00 —

075

colour
~0.50 BADF
ECDF

0.25

0.00

X

Figure 4: The Empirical CDF against the CDF for BAD
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The third dataset: Lawless (1982) provided the data set. The information was
gathered during deep groove ball bearing endurance tests. For each of the 23 ball bearings
in the life tests, the data is the number of million revolutions before failure.

17.88 28.92 33 41.52 42.12 45.6 48.8 51.84 51.96 54.12 55.56 67.8 68.44 68.64 68.88 84.12
93.12 98.64 105.12 105.84 127.92 128.04 173.4

Table 4: Exponential, Lindley, Akash, BWAD goodness of fit test results for the third

data

Distribution 6

ED 0.01
LD 0.27
AD 0.04
BWAD 0.01

-2loglik
242.87
231.47
227.06
193.34

AIC

244.87
233.47
229.06
195.34

AICC
245.06
233.66
229.25
195.53

BIC

246.01
234.61
230.19
196.47

Empirical Distribution Function

1.00

075

Y
Eoso

0.25

0.00

0

X

colour

150

BADF
ECDF

Figure 5: The Empirical CDF against the CDF for BWAD

It points out that the BAD has the lowest values of the parameter estimate, -2logLik,
AIC, AICC, BIC statistic, comparing with the alternative outfitted distributions. The

BAD is more flexible than the Lindley, Exponential, Akash distributions.
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10 Conclusion

In this paper, we use the Biweight Kernel function and Akash distributions to suggest
a new distribution called the Biweight Akash distribution. The new distribution is in-
troduced without adding any novel parameters to the base distributions. The statistical
properties are considered including the estimation of model parameters and its applica-
tion validated using three real datasets. The applications show that the new distribution
fits better than the Exponential, Lindley and Akash distribution.
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