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This paper compares four methods of combining n independent tests. The
methods are Fisher, logistic, sum of p-values and inverse normal. It is as-
sumed that n independent test statistics {T(i),i = 1,...,n} are available to
combine the n independent tests. The four methods are compared, as n — oo,
via exact Bahadur slope under the assumption that the test statistics follow
Conditional Laplace Distribution 70 |¢; ~ L(7&;,1), & € [a,00),a > 0 where
&1,&2, ... are distributed according to the distribution function (DF) H . It
is shown that Fisher’s method performs the best as the evidence against the
null hypothesis
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1 Introduction

Rapid developments in many fields, such as molecular biology and bioinformatics, require
more statistical testing to be performed simultaneously. This is because large amount
of information are available for researchers in such fields. The more statistical tests to
be performed, the higher Type I error rate is expected. A natural question that arises is
whether there is a global method that can combine evidences from these sources while
keeping error rates at their acceptable levels. In order to control the Type I error, p-
values from multiple tests can be adjusted through false discovery rate and its extended
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methods (Cheng and Pounds, 2007). However, large sample sizes are required in large-
scale hypothesis testing.

The omnibus methods of combining p-values from numerous individual tests may
combine evidence from multiple sources, and reduce the high dimensionality of p-values
into rich information. Several omnibus methods for combining p-values are available in
literature. These methods include, but not limited to, Fisher’s (Fisher, 1932), inverse
normal (Stouffer et al., 1949), Lancaster’s (Lancaster, 1961), Tippett’s (Tippett, 1931),
logistic (Mudholkar and George, 1979) and sum of p-values methods (Edgington, 1972).
These methods rely on the assumption that the individual tests from which p-values
calculated are independent. Recently Dai et al. (2014) and DJ (2019) proposed new
approaches for combining p-values from dependent tests.

These methods of combining p-values can be judged using several criteria, such as
consistency, admissibility, minimaxity, local optimality, Bahadur exact slope and Pit-
man efficiency. Marden (1991) introduced recently a new criteria for evaluating test
statistics based on p-values. Combining p-values methods are studied and compared by
many researchers. A key result was that no single combining method is uniformly the
best, see for example Birnbaum (1955) and more recently Loughin (2004) and Kocak
(2017).(Littell and Folks, 1971) and Littell and Folks (1973) showed under mild con-
ditions that the Fisher’s method is optimal among all methods for combining a finite
number of independent tests. A recent study by Heard and Rubin-Delanchy (2018), who
compared between several combining methods, provide guidance about how a powerful
combiner might be chosen in practice.

Most of the work cited above compare between methods assuming finite number of
independent tests. Limited work can be found in literature that assume infinite number
of independent tests. Abu-Dayyeh and El-Masri (1994), Al-Masri (2010), and Al-Talib
et al. (2019) compare between different combiners when the number of independent test
approaches infinity via exact Bahadur slope. They assumed that the distributions under
the alternative hypothesis are triangular, exponential, and normal respectively.

Different from the above, we consider combining n independent tests under conditional
Laplace distribution. Limiting behavior, as n — o0, is studied for four methods, namely,
Fisher, inverse normal, logistic, and sum of p-values. These methods are chosen for their
ease of implementation as well as their spanning the range of comparing criteria. The
four combination methods are compared via exact Bahadur slop (EBS).

The remainder of this paper is organized as follows. The specific problem is given in
Section 2. Section 3 reviews necessary definitions and preliminaries that are available in
literature. Section 4 provides a derivation of the EBS under the Laplace distribution.

2 The specific problem

Consider n-hypotheses of the form

H(gi) :1n; =0 ws Hfi) i € Q; — {0} L)
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such that each H(()i) is rejected for large values of some random variable TW i =1,2,..,n.
Then, the n-hypotheses are combined into one as

H 1y oimn) = (0,..,0) vs HY 2 (1, imn) € Q1 x Qo x ... x Q= {(0,...,0)}. (2)

Additionally, the p-value of the i-th test is given by

P, = PHéi) (T(i) > t) =1- FH((Ji) (t), (3)

where, I, ;) (t) is the cumulative distribution function (CDF) of T under Héi). Note
0
that P; ~ U(0, 1) under Héz).
This study considers the case when T"|¢; ~ L(7&,1) with n; = 7&, i = 1,...,n.
Where, £1,&2, ... &, are independent identically distributed with undetermined CDF H

with support defined on [a, c0), a > 0.
Therefore (1) reduces to

Hy:7=0 wvs Hy:7>0, (4)

We will also consider four combining methods, namely, Fisher, logistic, sum of P-values
and inverse normal. These procedures reject Hy in (4) for large values of =237, log(F;),

—> " log (%), —> 0, @ 1(P), and — >, P, respectively. Where, ® is the cdf of
standard normal distribution. These methods will be compared via EBS as n — oo.

3 Definitions and preliminaries

In this section we list necessary definitions and theorems that are available in literature.
These theorems are necessary for our development in the next section.

Definition (Bahadur efficiency and exact Bahadur slope (EBS), (Bahadur, 1959)) Let
X1,..., Xy be iid. from a distribution with a probability density function f(z,8),

and we want to test Hy : = 6y vs. Hy : 0 € 0 — {6p}. Let {Tél)} and {T,(LQ)} be
two sequences of test statistics for testing Hy. Let the significance attained by TT(Li) be

9 —1_-F (TS)), where F; (T}ﬁ) = Py, (T,S") < t) i = 1,2. Then there exists

a positive valued function C;(€) called the exact Bahadur slope of the sequence {7, ,(LZ)}
such that '
Ci(0) = lim —2n~'In (L)

0— 00

with probability 1 (w.p.1) under # and the Bahadur efficiency of {T,(Ll)} relative to
{TTEQ)} is given by ep (T1,12) = C1(0)/C2(0).

The following two theorems can be found in Serfling (1980). They are used to give
the EBS for tests based on sums of iid random variables.
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Theorem 3.1. Let Xy, Xo,..., X, be i.i.d. with distribution function F and put S, =
Yoy Xi. Assume existence of the moment generating function M(t) = Ep (etX) in the
neighbourhood of zero. Putm(z) = infye M (t). Thenlim, oo —2n"11n Pg (S, > nz)
—2Inm(z).

Theorem 3.2. Let {T),} be a sequence of test statistics which satisfies the following:
1. Under Hy: n~2T), — b(0) a.s. under 6, where b(0) is a real function.

2. There exists an open interval I containing {b(0) : 6 € ©}, and a function g con-
tinuous on I, such that

lim —2n"!log [1 — Fn(n%t)] =g(t),

n—o0

where Fy, is the distribution function of T, under Hy.
Then the EBS of {1y} is C(8) = g(b(9)).

Theorem 3.3. Let Xy, -+, X, be i.i.d. with probability density function f(x,0), and
we want to test Hy: 0 =0 vs. Hy : 0> 0. Forj=1,2, let T,,; = > i fi(xi)//n be a
sequence of statistics such that Hy will be rejected for large values of Ty, ; and let p; be
the test based on T), ;. Assume Ey(fi(x)) > 0,Y0 € 8, Eo(fi(z)) =0, Var(fi(xz)) >0 for
j=1,2. Then

1. If the derivative b(0) is finite for j = 1,2, then

ima s 465 = Vares(2 ) (165

where bi(0) = Eg(fi(x)), and C;(0) is the EBS of test ¢; at 6.

2. If the derivative V', (0) is mﬁmte for j =1,2, then

juy U0 _ Veral o) [, baw)r
650 Co(0)  Varg—o(f1(x)) 00 b,(0)

The following theorems can be found in many references, see for example D’Agostino
(2017) and the references therein.

Theorem 3.4. If T,(ll) and T7g2) are two test statistics for testing Hy : 0 = 0 vs. Hj :
0 > 0 with distribution functions Fél) and FéQ) under Hy, respectively, and that T,gl) is

at least as powerful as TT(L2) at 0 for any o, then if ; is the test based on Téj), ji=1,2,
then
C)(6) = CcE)0).

Corollary 1. If T, is the uniformly most powerful test for all «, then it is the best via
EBS.

Theorem 3.5.

where
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Theorem 3.6.
1. mp(t) > 2te™, Vt>0,

2. mp(t) <tel™t,  Vt>0.852,

1
where mr( )
function.

) At vt 24,

zt

72
= inf,c(o,1) e *'mz csc(mz) and csc is an abbreviation for cosecant

Theorem 3.7. For xz > 0,

1 1 (x)
S-S <1-0() < 2E
o) - k| <1- 0w < X
Where ¢ is the pdf of standard normal distribution.
Theorem 3.8. For z > 0,
1—®(x) > M
T+ /5
Lemma 3.9.
1. > inf e *=¢t
melt) 2 e =
o—t2/(t+1) (L)
2. mp(t) < t i
()
5 J ms(®) =infeso ) Cinfag St < —et,  t<0
| ms(t) = 21, —3<t<o.
T —

1
<lhz<z-1, >0

4.
Theorem 3.10. For any integrable function f and any n in the interior of ©, the integral
[ H@e=r @) du(a)

is continuous and has derivatives of all orders with respect to the n's, and these can be
obtained by differentiating under the integral sign.
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4 Derivation of the EBS with general DF H;

In this section we will study testing problem (4). We will compare the four methods viz.
Fisher, logistic, sum of P-values and the inverse normal method via EBS. Let X1,..., X,
be i.i.d. with conditional probability density function £(7¢,1), and we want to test (4).
The P-value in this case is given by

Pi=1-F(z)=1- Fy(x) :%{1 — sgn(x) (1—6_‘9”')},36 eR (5)

The next four lemmas give the EBS for Fisher (Cr), logistic (Cr,), inverse normal
(Cn), and sum of p-values (Cg) methods.

Lemma 4.1. The EBS for the methods mentioned above are as follows:

e A1l Fisher method. Cp(1) =bp(1) —2In(bp(7)) + 21n(2) — 2,
where
bp(17) =2In2+27Ep, £ —2(In2 — 1) Ep, e ¢,

e A2 Logistic method. Cr(17) = —21In(m(br(7))), where

t)= inf e *
mp,(t) ze%,l)e 7wz cse(mz)
and
b(r) = —3+3En e 4 rEp €+ 2B, ¢ + By In (2 - 77

— B e (2-e7) = LBy e n (327~ 16)

e A3 Sum of p-values method. Cs(1) = —21In(m(bs(7))), where

1—e™*
— inf —zt
ms) =
and
_ T _
bs(t) = —3Ep, € T ZIEH§ ge7e.

e A4 Inverse Normal method. Cn(7) = —2In(m(by(7))) = b3/ (1) where

by (1) = —%EHg (/R ot (% {1 — sgn(x) (1 - e_|m|>}) e_w_75|dx)

Proof. Proof of Al

Tr = —Qﬁ: In [% {1 - Sgn\(/xﬁ) (1 - e—lfﬁ\)}] )
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By the strong law of large number (SLLN) Theorem (2)

\1}% % bp(r) = —2E" I [§ {1~ sgn(z) (1) }]

then
br(T) = —2En, Eg(re 1y In [% {1 — sgn(z) (1 - e,m) H

=2In2 - 2Ep, / In {1 — sgn(x) (1 _ e—m)} Lemlertl gy
R
=202~ Ep, (I + L+ I3).

Hence under H; : 7 > 0, then

I = / In(2—e%) e Cdr=(In4—1)e "¢
<0

I, = / 2" T dr =1— 76 —e77¢
0<z<TtE
and

13:/ 2™ dr = —1 — 7€,
r>7E
then

bp(T) =2In2-Ep, (—27§+ 2(In2-1) e—Tf) =2mI2+27Ey, {-2(In2 - 1) Ep, e e

Now under Hy, then by Theorem 1, we have mg(t) = inf,~qe **Mg(z), where
Mg(z) = Ep(e*X). Under Hy : =1 {1 —sgn(z) (1 — e #1)} ~ U(~1,0), so Ms(z) =

l—e™*
z

, by part (2) of Theorem 2 we complete the proof, that is

Cr(1) = —2In(mp(bp(7))) = —2In (lm;)elb%(”) = bp(1) —2In(bp(7))+21n(2) — 2.

O

4.1 The Limiting ratio of the EBS for different tests when 7 — 0

Corollary 2. The limits of ratios for different tests when T — 0 are as follows:
B1 €R (Ts,TF) — 1.56
B2 eRB (TL,TF) — 1.21585

B3 eB (TN,TF) — 1.32504
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B4 (73] (TNyTL) — 1.08981
B5 (73] (TS,TN) — 1.1781

B6 ep (Ts,T1) — 1.2839

Proof of B1.
bp(r) =202+ 27Ep, £ —2(In2— 1) Eg, e 7%
Therefore
V(1) =2Eg, £+2(In2— 1) Ep, L7,
then
;i_r)% Ve(r) =In(4) Eg, £ < co.
Also -
bs(r) = =3 Ep e ¢ — 1 e e,
then
: _1
}_ILI(IJ[)IS(T) = 7En, § < .
Now under Hy : hp(z) = —21In [ {1 — sgn(z) (1 — e 1*)}] ~ X3 and hg(z) = —3 {1 — sgn(z) (1 —el*N)}
b's(0) 1
U(-1,0), so Varr—o(hp(z)) = 4 and Var,—o(hs(z)) = 3, also, b’i(O) = Tin(d)’
applying Theorem 3 we can get ep (Ts,Tp) = lim Cs(r) = 1.56103. Similarly we can
70 CF(T)
prove the other parts. O

4.2 The Limiting ratio of the EBS for different tests when 7 — oo

Corollary 3. The limits of ratios for different tests T — oo are as follows:
D1 ep (Tr, Tr) — 3

D2 ep (TN,TS) — 0,ep (TN,TL) — 0,ep (Ts,TL) — 0

D3 From D1 and D2, eg (Tn,Tr) — 0,ep (Ts,Tr) — 0

Proof of ep (Tr,,TF) — % By Lemma 1 part (1) Cp(7) < 2br(7) . So

2br,(1)
T—00 CF(T) T—00 bF(T) —an(bF T)) +21n(2) —2

where
bF(T) =2In2+ 27—EH§ £E—2 (1112 — 1) EH5 E_TE.



342 Obeidat, Al-Masri

and
b(r) = 3+ 3En e+ rEp €+ 2B, ¢ + B In (2 - 77
— Ep, e 1In (2 — 6775) — iEH.g e ¢ ln (32675 — 16) .
Now we will check the limit for bz, (7)terms when 7 — oo,

EH,E e ™ 50, ln2EH§ eTf—EHE e ln (2 — €_T§) = EH& e ln [2—%75} — 0, IEHg In (2 — 6_7—5) —
In 2,

Epy e " In (32€T£ — 16) = Eg. e CIn (16675 [2 — €_T§})

= —7Eg, e —In16Ey, e ™" —Eg,

3 13

e ™ 1n [2 — 677—6} — 0.

. Then

1
—5+mn2+7E
It is clear that it is sufficient to obtain the limit of lim —2 He 3
T—00 bF (7‘)

—1+n2+7Ep ¢ Lo EmE

1 =
=3 21n2+2TIEH§§— 2(In2—1)Eg, e 6 7500 2Ep,

Then

Q

lim £(7)
r—oo Cp (7-)

Also, by Theorem (6) part (2), we have

<

l\’)\)—l

Cr(r) > br(r) —2In[br(1)] — 1,

SO

Cr(7) - br(7) —2In[br(7)] — 1
Cp(r) ~ br(7) '
1
—>4+In2+7E
Now it is sufficient to obtain the limit of lim bu(7) , which is reduce to lim —2 T H 6
T—00 F(T) T—00 bF(T)
So,
i CL(T) —|—ln2+TIEH§§ }
T—o0 C'p(T) _21H2+2TEH§£—2(1112—1)EH e ¢ 2
Then lim Cr(r ) > 1
By pinching theorem, we have lim Crlr) = 1 O

T—00 CF(T) 2

Proof of ep (Tn,Ts) — 0. We have
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where
by (1) = =3B, Egren) (@71 (% {1 — sgn(x) <1 — efm) })\g) .

By lemma 1 part (3) Cs(7) > —2 — 2In(—bg(7)), where bg(r) = —%IEH5 e e —
T —T
—Epn, e £

4
So

() 3B Bapen (7 (3 {1~ sgnl@) (L ) Plg) Y
700 Cg(T) ~ 700 —2—2In(-bs(7)) '

Putting v = x — 7&, we get

Cn(r) _ {=3Bu Ero (@7 (5 {1 —sgn(u+7) (1 - el 1) 1e) )
Cs(r) — —2—2In(—bg(7)) '

Again, let t = &1 (% (1 — sgn(u + 7€) {1 - ei|“+T§|D> , then, 2®(t) = 1 — sgn(u +

dt —lu+7¢|
7&) [1 - e*‘”+75‘] and 2¢(t) = ‘ . Then,

2

Cn(r) _ {=4Em Exoy (110}
Cs(t) = —2-=2In(-bg(r))

Now using L’Hopital’s rule, we get, bs(7) — 0 as 7 — 00, and Ex (g1 (t[§) = 0. Then

Q

lim ~(7)
=00 Cg(T)

<0.

So
B (TNaTS) — 0.

O
Proof of ep (T, Tr) — 0. From the last two proofs, it is clear that eg (T, Tr) — 0. O

Proof of ep (T's,Tr.) — 0. By lemma 1 part (3) Cg(7) < —2In2 — 21In(—bg(7)), where
bs(T) = =3 Em e - %EHg ge e
And by Theorem (6) part (2), we have Cr(7) > br(7) —2In[br(7)] — 1, then

Cs(T1) < —2In2 —21In (—bg(7))
Cp(r) = br(r) —2In[bp(r)] —1°

Now it is sufficient to obtain the limit of <5 8 < (b b(ST ()T)). Then
Cs(7) In (% Er, e Tt + 1 En, 5eiTé)

< lim

lim
o0 CL(T) — 700 —%+ln2—|—TEH§§
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From the last proofs, also, it is sufficient to obtain the limit of

< g AR I (G Ra 7
— 7—>00 _%+1n2+7—EH££ T—00 TEH§£ .

By comparing the dominated terms, then,

Tlingo TEHEE - 0
Then o
lim s(7) <0
T—00 CL (T)
So,

4.3 Comparison of the EBS for the four combination procedures

From the relations in section (4.1) we conclude that locally as 7 — 0, the sum of p-values
procedure is better than all other procedures since it has the highest EBS, followed in
decreasing order by the inverse normal and the logistic procedure. The worst is the
Fisher’s procedure, i.e,

Cs(1) > Cn(1) > Cr(1) > Cp(7).

Whereas, from result of Section (4.2) as 7 — oo the Fisher’s procedure is better than
the other procedures, followed in decreasing order by the logistics procedure, and the
sum of p-values. The worst is inverse normal procedure, i.e,

CF(T) > CL(T) > Cs(T) > CN(T)
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