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In this study, we proposed the variable scale kernel estimator for analyzing
the degradation data. The properties of the proposed method are investi-
gated and compared with the classical method such as; maximum likelihood
and ordinary least square methods via simulation technique. The criteria
bias and MSE are used for comparison. Simulation results showed that the
performance of the variable scale kernel estimator is acceptable as a gen-
eral estimator. It is nearly the best estimator when the assumption of the
distribution is invalid. Application to real data set is also given.
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1 Introduction

The reliability of the product will depend on the reliability of its units. The reliability of
a unit is defined as the probability that a unit will perform its intended function until a
specified point of time under encountered used conditions (Meeker and Escobar, 2014).
Lu and Meeker (1993) proposed the two-stage method to estimate the nonlinear mixed
effect degradation model parameters, hence to estimate the time-to-failure distribution.
Meeker et al. (1998) used the maximum likelihood approach to estimate the nonlinear
mixed effect degradation. Robinson and Crowder (2000) described a Bayesian approach
to estimate the unknown parameters of time-to-failure distribution of nonlinear degrada-
tion model. Alodat and Al-Haj Ebrahem (2009) used the maximum likelihood method
to estimate the parameters of time-to-failure distribution of a linear degradation model
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based on the ranked set sampling technique. Al-Haj Ebrahem et al. (2009a) proposed the
Bayesian approach based on the idea of grouped and non-grouped data to estimate the
parameters of time-to-failure distribution and its percentile for a simple linear degrada-
tion model. Al-Haj Ebrahem et al. (2009b) introduced the nonparametric classical kernel
density method to estimate the time-to-failure distribution and its percentiles for sim-
ple linear degradation model. Naji Ba Dakhn et al. (2017) introduced semi-parametric
method to estimate the time-to-failure distribution and its percentiles for simple linear
degradation model. Eidous et al. (2017) estimated the time-to-failure distribution and
its percentile using double kernel method.
In this paper, estimating the random effect distribution hence estimating the time-to-
failure distribution and its percentiles by using an adaptation nonparametric method of
the classical kernel estimator is considered, namely, the variable scale kernel estimator.
The new estimator beside the classical kernel estimator are introduced and described in
this paper. The performance of the proposed method will be compared with the existing
parametric methods (OLS, MLE).

2 Time-To-Failure Distribution and its Percentiles

Degradation analysis is a useful tool when it is not possible to observe a significant
number of failures (Lu and Meeker, 1993). To perform the analysis, we assume that
the failure time is occurred at time t, if the actual degradation path, D(t) crosses the
critical degradation level Df . In general, the time-to-failure distribution of t,FT (t) in
degradation models cannot posses in a closed form and therefore numerical methods are
used to obtained it. In this paper, we consider the simple linear degradation model:

yij = βitj + ϵij , i = 1, . . . , n; j = 1, . . . ,m (1)

where,yij is the observed degradation measurement of unit i at time tj , Dij is the actual
degradation path of the unit i at time tj , βi is the i -th a random effect parameter assumed
to be distributed as g(β), where g (β) may be lognormal(µ, σ2), halfnormal(σ2); n is
the number of the tested units, m is the total number of inspections on the i-th unit,
ϵij is the measurement error of unit i at time tj , which is assumed to have zero mean
and constant variance, ϵij and βi are assumed to be independent and tj is the time of
jth measurement.

The failure time T is obtained by solving Df = D (t), then

Df = βT.

The distribution function of the time-to-failure is

FT (t) = p (T ≤ t) = p

(
Df

β
≤ t

)
= p

(
β ≥

Df

t

)
= 1−Gβ

(
Df

t

)
, (2)

whereGβ (.) is the distribution function of the random effect parameter.
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To derive tp, we need to solve p = FT (tp) with respect to tp. Therefore,

p = 1−Gβ

(
Df

tp

)
.

3 Estimating the Time-To-Failure Distribution using
kernel methods

Let β1, β2, . . . , βn be a random sample from unknown probability density function gβ(b),
we will describe in this section how we can use the two kernel methods to estimate the
time-to-failure distribution and its percentiles, then compare them by the most impor-
tant parametric methods; Ordinary Least Squares (OLS) method and the Maximum
Likelihood (ML) method by using simulation technique.

3.1 Classical kernel Method

The classical kernel density estimator of gβ(b) is,

ĝβ classical (b, h) =
1

nh

n∑
i=1

K

(
b− βi
h

)
, (3)

where K (u) is the kernel function and h is the smoothing parameter. In this paper, we
assume that the kernel function is Gaussian kernel, which is given by

K (u) =
1√
2π

e−u2/2

then,

ĝβ classical (b, h) =
1

nh

n∑
i=1

1√
2π

exp

[
− 1

2h2
(b− βi)

2

]
(4)

Silverman (1986) gave the following optimal rule for h, as follows,

hint = 1.587 σ̂n−1/3 (5)

where σ̂ =

√∑n
i=1 x

2
i

n is the ML estimator for σ when the distribution of the random

effect data is assumed to be N(0, σ2).

Thus, the time-to-failure distribution,FT (t) can be estimated based on the estimator (4).
By using formula (2) we have,

F̂T classical (t) = 1−
∫ Df

t

−∞
ĝβ classical (b, h)db
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= 1−
∫ Df

t

−∞

1

nh

n∑
i=1

1√
2π

exp

[
− 1

2h2
(b− βi)

2

]
db = 1− 1

n

n∑
i=1

p

(
B ≤

Df

t

)
.

Where B is a random variable distributed as N(βi, h
2). Let Ui = B−βi

h then Bi has
standard normal distribution, i.e Ui ∼ N(0, 1). Therefore,

F̂T classical (t) = 1− 1

n

n∑
i=1

Φ

(
Df

t − βi

h

)

Where Φ(u) is the standard normal cumulative distribution function. To estimate the
100pth percentile tp we need to solve F̂T classical

(
t̂p classical

)
= p with respect to t̂p classical

. This can be achieved by solving the following equation numerically with respect to
t̂p classical

p = 1− 1

n

n∑
i=1

Φ

 Df

t̂pclassical
− βi

h

 . (6)

3.2 Variable Scale Kernel Method

While the smoothing parameter h in the classical kernel estimator (formula 3) is taken
to be constant for a random sample β1, β2, . . . , βn, the variable scale estimator for
gβ(b) allows h to be vary for each value of Xi (i=1,2,. . . ,n). For a random sample
X1, X2, . . . , Xn, the variable scale kernel estimator for gβ(b)is: (Abramson, 1982)

ĝβ−V S (b, h) =
1

n

n∑
i=1

1

hλi
K

(
b− βi
hλi

)
By using the Gaussian kernel function, we obtain

ĝβ−V S (b, h) =
1

n

n∑
i=1

1

hλi

1√
2 π

exp

(
−(b− βi)

2

2(hλi)
2

)
.

Therefore, from (2) we have

F̂T−V S (t) = 1−
∫ Df

t

−∞
ĝβ−V S (b, h) db

= 1−
∫ Df

t

−∞

1

n

n∑
i=1

1

hλi

1√
2 π

exp

(
−(b− βi)

2

2(hλi)
2

)
db

= 1− 1

n

n∑
i=1

p

(
B ≤

Df

t

)
,
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where B is a random variable with distribution N(βi, (hλi)
2). Now, let Ui =

B−βi

hλi
, then

Ui has standard normal distribution, i.e Ui ∼ N(0, 1). Thus,

F̂T−V S (t) = 1− 1

n

n∑
i=1

Φ

 Df

t̂p−V S
− βi

hλi


To estimate the 100pthpercentile tp, we need to solve F̂T−V S

(
t̂p−V S

)
= p with respect

to t̂p−V S numerically to obtain the estimator value t̂p−V S . That is, solve the following
equation numerically with respect to t̂p−V S

p = 1− 1

n

n∑
i=1

Φ

 Df

t̂p−V S
− βi

hλi

 (7)

where λi is computed by using the formula: λi =

(
f̃(xi)

exp( 1
n

∑n
i=1 ln(f̃(xi)) )

)− 1
2

, where

f̃(xi) is the classical kernel estimator given by f̃ (xi) = 1
nh

∑n
i=1K

(
xi−xj

h

)
. By using

the Gaussian Kernel function, we obtain f̃ (xi) =
1
nh

∑n
j=1

1√
π
exp

(
− (xi−xj)

2

2h2

)
.

3.3 Estimating the Time-To-Failure Distribution and its Percentiles
by Ordinary Least Square (OLS) Method

Suppose that β1, β2, . . . , βn is a random sample from a distribution with pdf gβ(b, µ) and
distribution function Gβ(b, µ). The OLS estimator µ̂OLS of µ is obtained by minimizing

Q (µ) =
n∑

i=1

m∑
j=1

(yij − E(yij))
2

=
n∑

i=1

m∑
j=1

(yij − tjEβi)
2

with respect to µ. Therefore, the OLS estimator for time-to-failure distribution is

FOLS (t) = 1−Gβ

(
Df

t̂p OLS

, µ̂OLS

)
,

and the OLS estimator t̂p OLS of tp is obtained by solving

p = 1−Gβ

(
Df

t̂p OLS

, µ̂OLS

)
,
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with respect to t̂p OLS . In the rest of this subsection, we derive the OLS estimator for
tp when the distribution of the random effect β is assumed to be halfnormal(σ2) or
loglosistic(α, 2).

Case I : if β ∼ halfnormal(σ2) The OLS estimator of σ2 is the value of σ̂2 that

minimizes Q
(
σ2
)
, where Q

(
σ2
)
=
∑n

i=1

∑m
j=1 (yij − E(yij))

2. Since E (yij) =
√

2
πσ

2tj ,

hence

σ̂2
OLS =

π

2

(∑n
i=1

∑m
j=1 yijtj

n
∑m

j=1 tj
2

)2

.

To obtain t̂p−OLSwe need to solve p = 1−Ĝβ−OLS

(
Df

t̂p−OLS
, σ̂2

OLS

)
with respect to t̂p−OLS

numerically. That is, we want to solve

p = 1−
∫ Df/t̂p−OLS

0

1

σ̂OLS

√
2

π
exp

[
− b2

2σ̂2
OLS

]
db (8)

with respect to t̂p−OLS .

Case II : if β ∼ loglogistic(α, 2) By considering the same procedures in case I, we can
derive the OLS estimator of α by minimizingQ (α) =

∑n
i=1

∑m
j=1 (yij − E(yij))

2 , whereE (yij) =
απ

2sin(π/2) tj , Therefore,

α̂OLS =
2sin (π/2)

nπ

(∑n
i=1

∑m
j=1 yijtj∑m

j=1 tj
2

)

Then to obtain t̂p−OLS we need to solve p = 1 − Gβ

(
Df

t̂p−OLS
, α̂OLS

)
with respect to

t̂p−OLS , which gives,

p = 1−
∫ Df/t̂p−OLS

−∞

2b

α̂2
OLS

[
1 + (b/α̂OLS)

2
]2db = 1− 1

1 +
(
Df/α̂OLS t̂pOLS

)−2

Therefore, the OLS estimator of tp is,

t̂p−OLS =
Df

α̂OLS

(
p

1− p

) 1
2

(9)

3.4 Estimating the Time-To-Failure Distribution and its Percentiles
by Maximum Likelihood (ML) Method

Consider the simple linear degradation model (1) and recall that our main aim is to
estimate the time-to-failure distribution and then to estimate tp. we will find the MLE
of tp for the following cases:
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Case I: if β ∼ halfnormal(σ2), then the time-to-failure distribution by using formula
(2) is given by:

FT (t) = 1−
∫ Df/t

0

1

σ

√
2

π
exp

[
− b2

2σ2

]
db (10)

So, by using Leibnit’s Rule and by differentiate both sides of (10) with respect to t, then
we obtain the probability density function of T which is,

fT
(
t, σ2

)
=

Df

σt2

√
2

π
exp

[
−

D2
f

2t2σ2

]
.

Now, let t1, t2, . . . , tn be a random sample from fT
(
t, σ2

)
then the likelihood function

of σ2 is ,

L
(
σ2
)
=

(
2

πσ2

)n
2

Dn
f

(
n∏

i=1

(
1

t2i

))
exp

(
−
D2

f

2σ2

n∑
i=1

1

t2i

)
.

Therefore,

lnL(σ2) = −n

2
ln
(π
2
σ2
)

+ nlnDf −
n∑

i=1

lnt2i −
D2

f

2σ2

n∑
i=1

1

t2i
.

The ML estimator of σ2 is obtained by solving dlnL(σ2)
dσ2 = 0

dlnL
(
σ2
)

dσ2
= −n

2

1

σ2
+

1

(σ2)2
D2

f

2

n∑
i=1

1

t2i
= 0.

The ML estimator σ̂2
MLEof σ

2is,

σ̂2
MLE =

D2
f

n

n∑
i=1

1

t2i

Therefore, the ML estimator t̂p−MLE of tp is obtained by solving

p = 1−
∫ Df/t̂p−MLE

0

1

σ̂MLE

√
2

π
exp

[
− b2

2σ̂2
MLE

]
db (11)

with respect to t̂p−MLE .

Case II: if β ∼ loglogistic(α, 2), then the time-to-failure distribution by using formula



366 Al-Momani, Al-Haj Ebrahem, Eidous

(2) is given by:

FT (t) = 1−
∫ Df/t

−∞

2b

α2
[
1 + (b/a)2

]2db = 1− 1

1 + (Df/αt)
−2 (12)

So, the probability density function of T is

fT (t, α) =
2

t

(
Df

αt

)2
(
1 +

(
Df

αt

)2)2

Let t1, t2, . . . , tn be a random sample from fT (t, α) then the likelihood function of αis ,

L (α) =
2n∏n
i=1 t

3
i

(
Df

α

)2n 1∏n
i=1

(
1 +

(
Df

αti

)2)2

lnL (α) = −2nln(α) −
n∑

i=1

ln

(
1 +

(
Df

αti

)2
)2

+ constant

The ML estimator α̂MLE of α is now obtained by solving the following equation numer-
ically with respect to α̂MLE ,

dlnL (α)

dα
= − 2 n

α̂MLE
+ 4

n∑
i=1

α̂MLED
2
f t

2
i(

D2
f + α̂MLEt2i

)2 = 0 (13)

Now, substitute the value α̂MLE that obtained from (13) back into (12) to obtain the
ML estimator for time-to-failure distribution. To find the ML estimatort̂p−MLEof tp, we
need to solve the following equation with respect to t̂p−MLE ,

p = 1− 1

1 +
(
Df/α̂MLE t̂p−MLE

)−2 ,

which gives the ML estimator of tp,

t̂p−MLE =
Df

α̂MLE

(
p

1− p

) 1
2

(14)

4 Simulation Study and Results

In this section a simulation study is conducted to compare the performances of the classi-
cal kernel, variable scale kernel, OLS and ML estimators of the 100pth percentile of time-
to-failure distribution, tp. The performances of the different estimators are studied by
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computing the bias and the MSE of classical estimatort̂p classical , variable scale estimator t̂p V S ,
OLS estimator t̂p OLS and ML estimator t̂p MLE .
The smoothing parameter h is then computed by using formula (5), the kernel estima-
tors of tp are then computed by solving equations (6) and (7) numerically, this given
t̂p−classical and t̂p−V S for classical kernel, variable scale kernel estimators respectively.
Using equations (8) and (11) to find the OLS estimator t̂p OLS and ML estimator t̂p MLE

when β ∼ half normal (5) and equations (9) and (14) when β ∼ loglogistic(2, 5). Note
that Df = 20 and p = {0.5, 0.3 and 0.5}

From tables 1-6 we conclude that:

1. The method of ML is the most efficient method to estimate tp when the distribution
of random effect parameter β is assumed to be known. The MLE has the smallest
MSE with most accurate.

2. The biases (B) of the classical kernel and variable scale kernel methods are negative
in most cases which indicates that the different kernels method are under estimate
the true value of tp.

3. The exact tp increases as p increases and also the MSE of t̂p (for all estimators)
increases as p increases for the same sample size.

4. For the same value of p, the MSE of t̂p decreases as n (sample size) increases for
all estimators.
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5 Real Data Application

The analysis of the real data for estimating the time-to-failure distribution and its per-
centile by parametric and nonparametric methods is demonstrated in this section. We
will use the Laser data from Meeker and Escobar (2014), Table C.17 page 742. The
analysis of the real data is divided into two subsections. In the first section we will use
the real data to estimate the time-to-failure distribution; F̂classical(t), F̂V S(t), F̂OLS (t)
and F̂MLE(t). In the second subsection we will use the real data to estimate tp using
the different estimation methods then make a comparison between these methods.

5.1 Data Description

Meeker and Escobar (2014) presented the percent increase in laser operating current for
GaAs laser test at 80

◦
C, as a real data of degradation. In our analysis we will assume

that the degradation level is Df = 5. The data contains fifteen units and sixteen times
(fifteen units, each unit of size sixteen), the times ranges from 250-4000 hours with step
equal to 250 hours. Under the case when there is no assumption on the distribution of the
random effect parameter β, the classical kernel method and variable scale kernel method
are used to obtain F̂classical(t) and F̂V S(t). Then under the case of the random effect
parameter β has a known distribution function (e.g halfnormal

(
σ2
)
or loglogistic(α, 2),

the OLS and MLE methods are used to estimate the time-to-failure distribution; F̂OLS(t)
and F̂MLE(t). Table (7) presents the estimate of the time-to-failure distribution. For the
propose of comparison, we calculate F̂T emp (t) the empirical distribution of the failure
times.

5.2 Estimating the 50th percentile of time-to-failure distribution

The 50th percentile of time-to-failure distribution is also estimated by two cases. First
case we estimate it with no assumption on the random effect parameter by kernel esti-
mator’s; t̂p classical or t̂p scale, then the B and MSE are computed.

Table (8) represents the B and MSE of the estimate of 50th percentiles of time-to-failure
distribution by classical and variable scale kernel methods.

Second case, we assume that the random effect parameter β has known distribution,
then we estimate the 50th percentile of time-to-failure distribution by OLS and ML
estimator. Finally, we evaluate the B and MSE. Table (9) represents the B and MSE
of the estimate of 50th percentile of the time-to-failure by OLS and MLE methods.

5.3 Conclusions for Real Data

1. Table (7) shows that the time-to-failure distribution which was estimated by the
classical kernel method and the variable scale kernel method are approximately
correspondence (in real data) and they are closed to the empirical distribution
function rather than the OLS and MLE.
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2. The distribution function of time-to-failure estimated by the variable scale kernel
method is the closet distribution to the empirical comparing with the distribution
function estimated by ML and OLS methods.

3. Tables (8) and (9) show that the bias and MSE for the estimate of 50th percentile
of time-to-failure by parametric and nonparametric. In the most cases, the variable
scale kernel estimator records the smallest MSE and closet bias to zero while the
ML estimator has the largest MSE and the farthermost bias to zero.
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6 Conclusions

When the assumption on the distribution of random effect parameter β is invalid then
the performances of the MLE and OLS estimators are very poor and the performances
of the variable scale kernel estimator is nearly the best one.
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