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In this paper, an estimator of the finite population variance SS is proposed. The
proposed estimator is exactly unbiased estimator for Sg; further, the mean squared
error (MSE) of the proposed estimator is derived. Empirical studies from real data
sets are used to compare the proposed estimator and other estimators proposed in the
literature. The proposed estimator is stable among other families and practically has
minimum MSE among other estimators.

keywords: Hartely and Ross Estimator, Ratio Type Estimators, Finite Population
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1 Introduction

Consider the finite population U of N units indexed by the set {1, 2, ..., N}. For the ith unit,
let y; be the value of the interest variable Y, and z; be the value of the auxiliary variable X.
For i = 1,..., N, define r; = y;/x; be the values of the variable R. Under simple random sample
without replacement (SRSWOR) design, draw a random sample s of size n from U. The i*" unit
(yi, xi, ;) € s is assumed to be known.

The finite population ratio 6y, is defined by

O = -

- 2 (1

where t, = Efi 1 ¥i and @, = t, /N are the finite population total and mean for the variable of
interest Y, respectively. Furthermore, t, = Zl]\; 1 2; and T, = t;/N are the finite population total
and mean for the auxiliary variables X, respectively.
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A well known exactly unbiased estimator for 6,, is the HR estimator proposed by Hartley and
Ross (1954) and is given by

Oye =T + m (s — Tsls) (2)

where z,, is assumed to be known. s, Ts, and 75 are the sample means of Y, X, and R, respectively.

The HR estimator has been used and generalized in different directions. Recently, many authors
are interested in the HR estimator. Under general sampling design Al-Jararha (2008) has gener-
alized the HR estimator. When the information of the auxiliary variable are available, Rao and
Swain (2014) has constructed an alternative HR unbiased estimator for g,. Other authors have
been considering this estimator in different directions.

To our knowledge, the HR is used to estimate the finite population ratio and can be modified to
estimate parameters can be written in term of the population ratio. Our aim is to adopt the HR
estimator for estimating Sj.

In this paper, the main notations are given in Section 2. Section 3 is devoted to the literature
review. The proposed estimator and the main results are given in Section 4. Section 5 and Section
6 are devoted to the empirical studies and Concluding Remarks, respectively.

2 Notations

Let Sy = S0, (i —9)* /(N =1), 82 = S0, (2 — 2,)* /(N = 1) and S7 = 3, (ry — 7)?
/ (N — 1) be the finite population variances for Y, X, and R, respectively. The covariance between
X and Y is defined by Syz = SN, (i — Gu) (#;: — Zu) / (N — 1) Further, define C, = S, /7u,
Cy = S3/%y, and Cyp = Syu/YuTy. On the sample level, let 332/ = >0 (v —ﬂs)2/(n— 1),
§2 = S (2 —%)°/(n—1), and s2 = S, (r; —75)?/ (n—1) be the sample variances of
the variables Y, X, and R, respectively. The sample covariance between X and Y is s,, =
Yoy (yi — Us) (xi — ZTs) / (n — 1) . Similar formulas can be defined for other variables.

Let

§e = is;ui”u’ é'y = ﬂsg—uﬂu and & = Lffju
Therefore,
E(&)=E (&) =E(&)=0
and
n ’ L (532/) = %ny7 E( 7‘2) = %CTTW (é-yéx) - Tnyx,

E (&) =51C
and E(&yé‘r) = TCyT’7

where f = n/N. Furthermore, define the following terms:

By = o) — 1, By = Pay) — 1 Pafa) = 30
/82 Zy - )‘:{m} st — = Awv.st — 1, Awv.st = 5/11;1 it/2’
y.2 w.2Mv.2

- N zz 1 ( wu) ,oand st = N Zz 1 ( wu)s (Ui - ’Du)t s

for sandt being non-negative integers.
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3 Literature Review

The traditional sample variance 532/

this estimator dose not use the availability of the auxiliary information. The MSE of s

is an unbiased estimator for the population variance Sé. However,
is

Y

MSE(SZ) = war (532/)

1 *
= 553/6’2@- (3)

Gupta (1983) considered the two sampling designs, SRSWOR and simple random sample with
replacement (SRSWR) design, and proposed unbiased estimators for estimating SS , the estimators
are using the availability of the auxiliary information. Further, Gupta (1983) considered two cases:
when Z, is known and Z, and S% are known. When the design is SRSWOR and the case z, and
S2 are known, the estimator is defined by

9 n(N—-1)[N-1, (N-=n) o n(N—-1), n?(N-1)

e _32 —
Swte = Nm—1) | N v T Nm oY N T Nm-1

(@ —zu)*| . (4)

where v; = y?/ (z; —:T:u)2, and o = )., v;/n. However, the MSE was not reported for this
estimator.

Prasad and Singh (1992) proposed a family of estimators for estimating S; . The proposed family
is defined by

2 2 57
_ T
Sp?"as = Sy — aﬁ + a. (5)

2

Where a, is a constant or function of known parameters of the auxiliary variable, the family s, .,

is unbiased for 5’5 with

Z) n a2 var (S%) B 2aCOU (85, 8%)

Sz S

var (sf,ms) = wvar (s

1 4 n* CL2 * A 2
= —SyPay) T Baw) — 2 Sy M (6)

However, Prasad and Singh (1992) considered a = 1.
Singh and Solanki (2013) summarized and proposed classes of estimators for estimating SS.
Different estimators and classes of estimators are proposed for estimating Sg. The class of estimators

A <aS§+b> (7)

as2 +b

is proposed to estimate 5’5, where a and b are either constants or functions of known parameters
of the auxiliary variable X. The minimum MSE of the class of estimators ¢ is given by

MSEpin (1) = %Sﬁﬂék(y) (1-r%s2)
= war (32) (1 - ,0*3255;> ) (8)
where
oo M (9)

pS2S£ - * *
B Py
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is the correlation coefficient between s2 and 55.

Estimators ¢; for i = 0,1, ...,9 discussed by Singh and Solanki (2013) are members of the t class.

Such estimators are given in Table (1).

Table 1: Different estimators for estimating SS.

Estimator Remark

to = sg The sample variance estimator.
=52 (f—i) Isaki (1983).

ty = sg gfgigjg) Upadhyaya and Singh (1996)
ts=s2(%55) | Kadilar and Cingi (2006)

ty = s, (;gg:gj;:;) Kadilar and Cingi (2006)

ts = SZ ( ;”622((;”)) g:) Kadilar and Cingi (2006)

to = 57 (S22 | Kadilar and Cingi (2006)

tr = 52 <f§:g§> Singh and Solanki (2013)

tg = s <Sx§§((z))igz) Singh and Solanki (2013)

to = 53 (5522 ) | Singh and Solanki (2013)

The difference type estimator
2 2 2
td = Sy+WQ (Sx _Sx)7
where wo is suitably chosen constant, has the same minimum MSE as the ¢ class, i.e. the

MSEmm (td) = MSEmm (t) )

and M SE,,, (1) is defined by Eq. (8).
The class of estimators for estimating 5’5 proposed by Singh et al. (1988) defined by

ts = wlsz + wo (Sg — si) ,

where w; and wo are suitably chosen constants. The minimum MSE of ¢, is given by

MSEin (ta)

MSE i (ts) = + (MSEmm (ta) /S;;L)

where M SE,,, (tq) is defined by Eq.(8).
Singh and Solanki (2013) proposed the following classes of estimators

9 s2 - §2 aS2 +b
to = [om —en (Zg )| (a5

(10)

(12)

(13)
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and

a+1b)S2]°
dlr IR o= .

w2y aS?2 + bs?

for estimating 5’5, where w; and wy are suitably chosen constants and a, b, ¢, and d are either
constants or functions of known parameters of the auxiliary variable X. The minimum MSE of ¢,
and T are given by

n15185,) (1 - rs) (1-nn785)

MSEin (tsg) = 5 (15)
L[5 (1= PBs) — 72650
and
BD? —2CDE + AE?
4
MSEp, (T) = S, [1 — 1B C? } , (16)
respectively, where
1 * *
A = 14 By + 1B (2 (27— 1) - V)], (17)
1 * *
B = 14|85+ omBi (n (26 +1) —4¥)] (18)
L[ s « (7
C = 14— B3 + By (3 —20m +7m) 2)] (19)
Lo (mOy—1)
D = 1+ _ymfyy (2 -, (20)
1 (5 + 1) m
E = 14— > —_ = 21
+ n577162(x) < 5 /\> ) (21)
b
= 22
m a+ b’ ( )
d
= 23
2 c— da ( )
aS?
g aS2+b’ (24)
A o= w2 (25)
Baa)
The estimators tsg1, ..., tsg10 are members from the t,, class and defined in Table(1), Singh and

Solanki (2013) and 71, ..., Tho are members from the T class and defined in Table(2) from the same
reference.
Under the constrain wq +ws = 1, the class of estimators T reduces to the new class of estimators

2 g2 219
cS; —ds;, (a—i—b)Sx] 7 (26)

.
% 2 2
1" =y [(c—d)S%] +(1_w1)8y [aS%%—bs%

with minimum MSE given by Eq.(8).
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Under two-phase sampling and based on the auxiliary variable in the presence of non-response,
Bhushan (2012) proposed a class of modified exponential-ratio type estimators for estimating the
population mean. Shabbir and Khan (2013) the prior information about the auxiliary variable are
used to introduce ideas for estimating the mean of the variable Y, unbiasedly.

Most of the classes of estimators mentioned in this summary, are originally proposed to estimate
the finite population mean, total, and ratio modified to estimate SS. To our knowledge, none of
them adopted the approach of well known behaves estimator proposed by Hartley and Ross (1954)
for estimating the population ratio 6,,. The proposed estimator will modify the HR estimator to
estimate Sg.

4 Proposed Estimator

From Eq. (2), rewrite the HR estimator in terms &, &, and &,, we have

- n(N -1
by = 7u+ ((n —1) :lu (Gu — Puu) + ay€y + arée + aube (1 + &), (27)
where a, = %(ﬁjg%, ar = —%Fu, and a; = —%m. It is known that éym is exactly
unbiased estimator for 0,,. This is also clear from Eq. (27), since
1—
E (gxfr) = n for (28)
_ 1— f N Yu __ _fuiu (29)
n N-—1 7,
Therefore,
S _ n(N—l) _ o 1—f N 4, —7,T o
E (anc> =Ty + m (yu - Tuxu) +ay N1 ufu:l_sz © = yu/l‘u = ty/ta:-

In this case, the MSE of éyw is the same as the variance of éyx. Therefore, taking the variance of
both sides of Eq. (27), we have

MSE (éy$> = Var (éy;C)
1

= - f {ajcyy +a2Cp + a2Cs + 2a,0yCry + 20,0, Cyyr + 2ayarCyT}

1 _
= ! {azcyy + afC’rr + a?CC’m

N gy, —TuT
+ 2a,0,Cry + 20,0, Cpr + 20— Yu — uaxar} . (30)

Remark 4.1. The ratio estimator for estimating ¥, based on the HR estimator is

n(N—1)

N (1) Fs 7). (31)

ghr = TyTs +
This estimator is exactly unbiased. The MSE of yp, is given by
MSE () = 2 MSE (éyl,) : (32)

where MSE (éyz) is given by Eq. (30).
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The ratio parameter of our interest is

SQ
Os2s2 = S%
>

= (33)

which is a function of the population totals ¢; and t3, where t; = Zf\; Ui = Zf\il (yi — gju)2 and

bz = Z’f\il I = 2511 (z; — Tu)® .

Therefore, to estimate fg252 based on the HR approach, substitute (yi — 7s)*, (wi — )%, and
(yi — QS)Q [ (x; — £5)2 in Eq. (2) instead of y;, x;, and r;, respectively. Hence

0 < 1 2 3 .2
Osz52 = Fo + 55 (52— Fos?) (34)
x
is the HR approach for estimating the finite population ratio 055 52, where

Fo= > [(yi— Us)? / (z; — 5)?| /n for all 2; € s and x; # Ts. The estimator 5555% is exactly

unbiased estimator for fg22.

The finite population variance 5’5 can be estimated by the proposed estimator

N—-1 _o~
Sghr = Tsiesgsg,
hence
N—-1_o~
822!}”, = TS§05232
N -1 -
= sy 7 (52— s0)] (35)

be the proposed estimator based on HR approach for estimating Sﬁ, where S? is assumed to be
known.
Eq. (32) can be used to obtain the MSE of s?

Jhr by using &, ¢, and 7 instead of z, ¥, and r,
respectively. Therefore,

MSE(szhr) = Var(szhr)

1—f (N-1\?
= - / <N> S;l {aqujg + a%(]w + CL%C}@

+ 20@0@0@7 + 2aza7Cyx + Qaga;()’g; . (36)

Where



Electronic Journal of Applied Statistical Analysis 203

__ n(N-1) S . _ __N-n 3 _ na(N-1)3
@y = N(n-1) 52 4r = " Nn—1)"u 4t = “Np-1)'u
- v 1 N (yi—Fu)
Yu = Hy.2 Ly = Hz.2 Tw =N Zz‘zl (zlfa’:u)Q

LN (yi—9u)

Clov — N B* Csv — N /3* Cluw = N 1:17(11710 -1

&= N-1P2(z) ¥ = N-1P2(y) = N-1 7 )

1 N (yi*ﬂu)

o _ N yx o N == (@ —ay)? o N [ py2

C 3 = m)‘ya&ﬂ’ C ¥ = N—1 T’?u,UzyQ 1 y and C = N-1 'Full:c 5 —1].

Analytically, it is not an easy task to compare the MSE’s of the other estimators mentioned in
this article and the proposed approach. Therefore, the empirical MSE will be computed from real
data sets for the proposed estimator and other estimators mentioned in Section (3).

5 Empirical Studies

The comparisons between the families of estimators discussed by Singh and Solanki (2013), Prasad
and Singh (1992) and the proposed approach will be made based on the empirical relative MSEs
studies from real data sets.

Remark 5.1. The empirical relative efficiency for each family is the ratio of the mazimum MSE
to the minimum MSE of the estimators in that family. Further, the empirical relative efficiency

of the proposed estimator is the ratio of MSE <Sg2/hr> to the minimum MSE of each family. The
empirical relative efficiencies are given in the bozes at the end of Tables (2), (3) and (4).

Consider the Apple data set considered by Kadilar and Cingi (2007). The summary of the data
set as reported by Singh and Solanki (2013) is given in the following table.

N =104 n = 20 f=0.192

Y =6.254

By = 16.532  Aygan = 14.308

S, = 11.670 Cy=1866 [ou) =17.516 p%, = 0.837
y°x

X =13931.683 S, =23026.133 C, =1.653 py, = 0.865

A=0.811

To compute the MSE of the proposed approach, the complete data set is needed to define the R
variable. However, the results are summarized in Table (2) and will be used in the comparisons.

Consider the Loblolly data set included in the R library data sets package. The variable of inter-
est Y is the tree heights (ft) and the auxiliary variable X is the tree ages (year). The Loblolly data
set consists from N = 84 observations. The sample size (n = 16) gives approximately the same

f =0.192 for the Apple data set. The Loblolly data set is summarized by the following table.

N =84 n=16 £ =0.1905 YV =323644 X =13
S2=427.3979 S2=62.4096 O, =0.6388  C,=0.6077  py = 0.9899
P = 0.9366 5, =0.5422 B, =0.6361 X, =0.5500 7, = 8.1881
Cix = 04907 Cyx = —0.0871  Cix = —0.1656

The computations from Loblolly data set are summarized in Table (3).
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Table 2: Computations from Apple data sets when (n = 20).

t family tsg family T family estimator
Defined by Eq(7) Defined by Eq(13) Defined by Eq(14)
MSE (to) = 14395.577 | MSE (tyg1) = 1847.70 | MSE (T1) = 672.903 | MSE:, (t) = 4316.321
MSE (t;) = 4862.205 | MSE (t,g) = 1847.799 | MSE (T3) = 77.054 | MSE (t4) = 4310.482
MSE () = 4862.205 | MSE (tog3) = 1847.799 | MSE (T3) = 79.434 | MSE (t,) = 3497.623
MSE (t5) = 4862.205 | MSE (tygs) = 1847.799 | MSE (Ty) = 751.039 | MSE (t,) = 2615.177
MSE (t;) = 4862.205 | MSE (t.g5) = 1847.799 | MSE (T5) = 1350.204 | MSE (T*) = 4316.321
MSE (t5) = 4862.205 | MSE (tyg6) = 1848.469 | MSE (Ts) = 1534.483 | MSE (s2,,,) = 14393.404
MSE (tg) = 4862.205 | MSE (t,g7) = 1847.799 | MSE (T;) = 1438.673
MSE (t7) = 4862.205 | MSE (tygs) = 1847.799 | MSE (Ts) = 966.107
MSE (ts) = 4862.205 | MSE (t.g0) = 1847.813 | MSE (T) = 717.981
MSE (to) = 4862.205 | MSE (tyy10) = 1847.799 | MSE (Tyo) = 911.452
MSE(ty) _ MSE(Tsg0) MSE(Ts) _

| rema = 2.9607 | rsm) = 1.0004 | Sepr = 19.9144

Table 3: Computations from Loblolly data sets when (n = 16).

t family tsg family T family estimator

Defined by Eq(7)

Defined by Eq(13)

Defined by Eq(14)

MSE (tg) = 6190.2

MSE (tsq1) = 757.26

MSE (Ty) = 707.17

min

MSEpin (t) = 760.54

MSE (t;) = 893.51 | MSE (toy) = 813.07 | MSE (Ty) = 748.47 MSE (tg) = 760.54
MSE (t3) = 848.05 | MSE (toys) = 690.9 | MSE (Ts) = 758.1 MSE (t,) = 757.38
MSE (t3) = 913.54 | MSE (tyg4) = 824.57 | MSE (Ty) = 1194.58 | MSE (t,) = 745.36
MSE (t;) = 951.69 | MSE (t.g5) = 8382 | MSE (Ts) = 760.35 MSE (T*) = 760.54
MSE (t5) = 864.32 | MSE (tsq) = 534.66 | MSE (Ts) = 7985.42 MSE (s3,,,) = 6160.86
MSE (ts) = 996.88 | MSE (Loyr) = 69169 | MSE (T7) = T47.79 | MSE (s2,,) = 240.92
MSE (t7) = 875.24 | MSE (t.4) = 835.96 | MSE (Ts) = 746.50
MSE (tg) = 882.14 | MSE (t.g0) = 254.01 | MSE (Ty) = 758.53
min

MSE (tg) = 824.65 | MSE (tog10) = 823.74 | MSE (Ty,) = 12088.74

min max
MSE(to) _ MSE(tegs) MSE(T, MSE(sS,,.)
MSE%;J; ) 7.5065 WYQS) = 3.2999 ]MSE(((TO)) = 17.0945 ﬁ(;h)) = 0.3232
MSE(s2,,) MSE(s2,,) MSE(s2,,.)

Consider the data set given by Cochran (1977), Table 6.9, Page 182. Let Y be numbers of not

inoculated children and X be numbers of placebo. The data is summarized by the following table.
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N =34 n = 10 f =0.2941 Y = 8.3706 X =4.9235
Sy =74.0428 S2=25.3855 C, =1.028 C, = 1.0233 Py = 0.9014
P =058 B3, =T.9325 Bj =53911 A, 5 = 4.9802 ¥y = 4.6354
Cir = 3.6483  Cyr =8.1729  Cyr = —0.382

The computations are summarized in Table (4).

Table 4: Computations for Table 6.9, Cochran (1977), when (n = 10).
t family tsg family T family estimator
Defined by Eq(7) Defined by Eq(13) Defined by Eq(14)
MSE (o) = 4348.85 | MSE (t,y1) = 1211.36 | MSE (T}) = 451.83 | MSE,un, (t) = 1826.69

max

MSE (t,) = 1843.86 | MSE (t.y2) = 1227.44 | MSE (T;) = 8384 | MSE (t4) = 1826.69
MSE (t3) = 1872.79 | MSE (tyy3) = 1215.5 | MSE (Ty) = 1243.05 | MSE (t,) = 1370.16
MSE (t3) = 1868.00 | MSE (toy4) = 1194.85 | MSE (T,) = 1079.92 | MSE (t,) = 1166.82

min

MSE (t4) = 2330.09 | MSE (ts5) = 1195.89 | MSE (T5) = 1292.14 | MSE (T*) = 1826.69

MSE (t5) = 1831.03 | MSE (ty6) = 1241.08 | MSE (T) = 196.63 | MSE (s2,,,) = 4275.64

mazx min

MSE (tg) = 2305.57 | MSE (toy7) = 1222.27 | MSE (T;) = 1272.25 | MSE (sihr) = 719.32
MSE (t7) = 1830.84 | MSE (toys) = 1235.21 | MSE (Tg) = 1383.2

MSE (tg) = 1841.15 | MSE (tog) = 1219.21 | MSE (T) = 1090.25
MSE (to) = 1870.12 | MSE (tyg10) = 1221.7 | MSE (Ty0) = 383.07

MSE(to) MSE MSE(s}y,.)

— (tsgs) _ MSE(Ts) _ .
e 2.38 W((tsgi))_ 1.04 MSEE(TZ; = 6.57 “EEG,) — 062
MSE(s2,. MSE(s2,. MSE(s2,,

Mséé:) = 0.59 MSE(tz;) = 0.60 ]VISE(;‘Z)) = 3.66

6 Concluding Remarks

In this section, the main results for the proposed approach and other approaches are summarized.
Based on Tables (2), (3) and (4), we have the following concluding remarks.

1. For the ¢ family, the MSE of the estimators do not attain M SE,,;, (t) in all examples. Indeed,
the estimators in this family are depending on the choice of the parameters of the auxiliary
variable as can be seen from Tables (3) and (4).

2. The families are not stable between themselves. Since there are significant difference between
the minimum MSE and the maximum MSE of the estimators for each family. This is also
clear from the relative efficiency for each family; for example, the relative efficiency for the T'
family are 19.9144, 17.0945, and 6.57 from Tables (2), (3) and (4), respectively.

3. There is no clear way to depend on a specified family and on a specified estimator from that
family. Among the families (¢, ts4, and T ): In Table (2), the minimum MSE among all other
estimators is for the estimator T from the 7' family. From Table (3), this minimum is for
tsgo from the ty, family. Further, Ts has the minimum MSE as can be seen from Table (4).
At the same time, Tg has the maximum MSE from Table (2).
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4. From Table (3), The proposed estimator szhr has the minimum MSE among all estimators

and families and the 3™ best on Table (4). At the same time, the fact that Tg and Tyg are
not stable estimators can not be ignored since Tg has the maximum MSE in Table (2) and
T1o has the maximum MSE in Table (3). Based on this, the emphasis on using Sf/hr as an

estimator for 5’5 should be raised.

5. The relative efficiency of the szhr is more stable than the relative efficiency between the
families themselves.

6. The estimator Szhr is simple to apply in practical applications and needs only one assumption

52 to be known. However, other estimators and families need more assumptions.

As final conclusions, the proposed estimator Sf/hr is derived based on the Hartley and Ross
(1954) approach. ngjhr is exactly unbiased, stable for estimating the finite population variance
SS, has minimum MSE among the discussed estimators and families, and behaves as the original
estimator proposed by Hartley and Ross (1954).
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